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PREFACE 


Tuts book is intended to explain the nature of irra- 
tional numbers, and those parts of Algebra which depend 
on what is usually called The Theory of Limits. 

Many of our text-books define irrational numbers 
by means of sequences; but to the author it has seemed 
more natural to define a number, or at least to con- 
sider a number as determined, by the place which it 
occupies among rational numbers, and to assume 
that a separation of all rational numbers into two 
classes, those of one class less than those of the other, 
always determines a number which occupies the point 
of separation. Thus we have the definition of Dede- 
kind, which is adopted by Weber in his Algebra. With- 
out attempting to inquire too minutely into the sig- 
nificance of this definition, we have endeavored to 
show how the fundamental operations are to be per- 
formed in the case of irrational numbers and to defire 
the irrational exponent and the logarithm. 

Defining the irrational number by the place which it 
- occupies among rational numbers, we proceed to speak 
of its representation by sequences; and when we have 
proved that a sequence which represents a number is 


regular and that a sequence which is regular repre- 
ill 
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sents a number, we are in complete possession of the 
theory of sequences and their relation to numbers. 

The representation of a number by a sequence is 
essentially the same as its representation as the limit of 
a variable, and the notion of sequence seems to be 
simpler than that of variable and limit. A section 
has been added on Limits (Chap. II, IV) to bring out 
the relation of the two points of view. But this sec- 
tion may be omitted without any break in the con- 
tinuity of the book, and the words “variable” and 
“limit ’’ are used nowhere else. 

The infinite series is defined as a sequence written in 
a particular way. Theorems are given on the con- 
vergency and use of infinite series sufficient to develop 
the exponential, binomial, and logarithmic series. 

The theory of irrational numbers given in Chapter I 
has been adopted by Professor Fine, as stated else- 
where (p. 56). Perhaps I may be permitted to add 
that I did not see Professor Fine’s book until after my 
manuscript was in the hands of the printer. 

In addition to the references on page 56, mention 
may be made of two important articles on “The Con- 
tinuum as a Type of Order,” by Dr. E. V. Huntington, 
in the Annals of Mathematics for July and October, 1905, 
and ‘Introduction to the Real Infinitesimal Analysis 
of One Variable,” by Professors Oswald Veblen and 
N. J. Lennes (John Wiley & Sons). 

I am indebted to Mrs. Elsie Straffin Bronson, A.M., 
of Providence, for many criticisms and suggestions. 


Henry P. MAnnina. 
PROVIDENCE, February, 1906. : 


CONTENTS 


CHAPTER I 


IRRATIONAL NUMBERS 


Ea inieaste sets ot Objects Pcs. d0 ne sk on gre sie oes re ae mae 
i Dennnion or Irrational Ndmbers. <0... ..% s2.-4.06 25 - Suaero 
III. Operations upon Irrational Numbers...........ese00:. 14 
ive reeponenis-and Lorarithma, .r. ie).5 5 i003 6 catia wake oe 2 
CHAPTER II 
SEQUENCES 

I. Representation of Numbers by Sequences... ........... 34 
ABELEDTILAE SOQUCTICOS Alaina tes. + cicie-n owl teen oie re ee A ete 46 
BLPRO pera ions Upon Sequenceses|s sii. F 22s ed's Syke Sept 48 
Eve view LHCOLY OLsLARIES Soot a sie = cnc ee a abe ete eee ate 57 

CHAPTER III 

SERIES 

PPO OUIVCTROUCY. OF POTIOSs -« acdie\s «ck anes /¥ 6/a4yha0' 9.4 60! oft een eve ON 
Pe DEPALIONA DOU OOO. » r.0, <'o,<'+- suns Paiibsassie ws 6 0154.0 0, 4/048 81 
Mire A DEOULO-ONVETRENCE, Soe o's'cc rele We ssa a 'w'c,s's cae ene oe 89 

CHAPTER IV 

PowErR SERIES 
L.\The Ladin of CON VERSCNCE, ..s.. aw ee Wee by.s wacko ev 2 100 
Pee Undetermined, Cooficiohta?. 0. cece ose eaha vas o's 108 


vi : CONTENTS 


CHAPTER V 
THE EXPONENTIAL, BrNoMIAL, AND LOGARITHMIC SERIES 
PAGE ~ 
1. he Exponential Series, 24 ..a\esee te pete eee 112 
II. The Binomial Theorem for any Rational Exponent. ..... 116 


III. The Binomial Theorem for an Irrational Exponent and 
the Logatithinic Beries. 0s. sss faces ence obec se adie 


IRRATIONAL NUMBERS 


CHAPTER I 
IRRATIONAL NUMBERS 


I. INFINITE Sets oF OBJECTS 


1. The numbers used in counting, 
[29 3 Aa ee 


are called positive integers or natural numbers. 

» When these numbers are arranged in the order of _ 
counting each number is followed by one which comes he 
next after it, and we assume that there is no number 
which comes last. 

When we have a set of objects and some positive 
integer n is the number of these objects, we say that 
there is a finite number of objects in the set. 

When no integer n is the number of all the objects 
of a set, the set is said to consist of an infinite number 
of objects. 

We must remember that every positive integer is a 
finite number. It will be best for us to regard the phrase 
‘infinite number” as meaning simply without number. 
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With reference to a given set of objects the phrase is 
used as defined above, to express the fact that any in- 
teger n is the number of only a part of the objects of 
the set. : 

Each integer except 1 is preceded by a finite number 
of others in the order of counting, and each integer is 
followed by an infinite number of others. 


2. When we have two infinite sets of objects we can 
often make them correspond; that is, we can pair them, 
associating with each object of one set one and only 
one of the other set. ; 

Thus the even numbers can be paired with the odd 
numbers. ag 

The integers which are the squares of integers can 
be paired with those which are not squares, although 
the latter occur more frequently in counting. In this 
way we have pairs of numbers as follows: 


1 and 2, 4 and 3, 9 and 5, 16 and 6, ete. 


In this arrangement every number of either kind is 
associated with one and only one of the other kind. 
There is no place where the set of squares is exhausted 
and the numbers which are not squares have to stand 
alone.* 

In Geometry the points of two circles may be asso- 
ciated in this way, each point of one being associated 
with one and only one of the other. We can do this, / 


* This illustration was used by Galileo. “‘ Galileo and the Modern 
Concept of Infinity,” Dr. Edward Kasner, Bulletin of the American 
Mathematical Society, June, 1905, p..499, 
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_ for example, by making the centres of the two circles 
coincide and associating points which le on the same 
radius. | 

We may have a correspondence between two infinite 
sets of objects when one set is a part of the other set.. 
“hus we can associate the set of even positive integers 
with the set of all positive integers. In Geometry 
we can associate the points on two segments of straight 
lines even when one segment is longer than the other. 
We can do this by making the:two segments two sides 
of a triangle and associating the points in which they 
intersect any line parallel to the third side. | 


3. A rational number is any number which is a posi- 
tive or negative integer or fraction, or zero. 

We shall assume that we know how to add or mul- 
tiply any two rational numbers, to subtract any rational 
number from any other or the same rational number, 
and to divide any rational number by any other or the 
same rational number, with the single exception that 
we cannot divide any number by zero. 

The result of any of these operations will be a rational 
number. 

Between any two rational numbers there are others. 
We get one such number by adding to the smaller some 
part of their difference. Between this and each of the 
other two another can be found, and so on. 

Between any two rational numbers, therefore, there 
is an infinite number of rational numbers. 


If a is any positive rational number, there is an 
integer n which is greater than a. For, if a is a posi- 
tive integer any integer that comes after a in counting 
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will be ereater than a, and if i where p and q are 


positive integers, any integer greater than p will be 
greater. 

If a and b are any two positive rational numbers, 
there is an integer n such that nb>a;* namely, any 
integer greater than the rational number = 

If any particular integer n satisfies either of these 
conditions, every integer beyond will satisfy the same 
condition. 


4. If we suppose all rational numbers arranged in 
order.of magnitude, then no one is followed by another 
which comes next after it. For any two of them are 
separated by others. 

We cannot realize by our imagination this arrange- 

ment of rational numbers. We can only reason about 
it. Thus we can say.of any two numbers. in this 
arrangement that one comes before the other, or of 
any three that one comes between the other two. 
_ It is possible, however, to arrange the set of all posi- 
tive rational numbers so that one of these numbers 
comes first and each of the others is preceded by only 
a finite number of them, each one having a definite 
numbered position, That is, it is possible to make 
this set of numbers correspond to the set of positive 
integers, one number of each set to be associated with 
one and only one number of the other set. : 

One way of doing this is to arrange these numbers 


* This is called the Law of Archimedes. 


~ 
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in the order of magnitude of the sum of the numerator 
and denominator, those in which the’ sum is the same 
being arranged in their own order of magnitude and 
integers being regarded as fractions with 1 for denomi- 
nator. This arrangement will be 

1 | na 


Sag 


5 ee 


bo| co 
tS 
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5. Any rational number a separates all others into 
two classes, those which are smaller being in one class 
and those which are larger in the other, and every 
number of the first class.is less than every number of 
the second class. We may put the number itself 
into one of the two classes and then we have separated 
all rational numbers. into two classes, every number 
of the first class less than every number of the second 


 elass. 


If we have put. a into the first class, it is the largest 
number in this class. In this case there is no number 
in the second class which is the smallest number in 
_ the second class. For any number 0 in the second class 
_ is larger than a, and there are rational numbers between 
aandb. These numbers are in the second class because 
larger than a, and they are smaller than b, so that 6 is 
not the smallest number in the second class. 

If we have put a into the second class, it is the small- 
est number in the second class and there is no number 
in the first ¢lass which is the largest number in the 

first class, 
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In either case a occupies the point of separation of the 
two classes, and we may think of a as determined by 
the separation. 


Now there are ways in which we can separate all 
rational numbers into two classes, those of the first 
class less than those of the second, with no rational 
number occupying the point of separation, that is, 
with no number in the first class which is the largest 
number in the first class, and no number in the sec- 
ond class which is the smallest number in the second 
class. 

For example, there is no rational number whose 
square is 2.* If we separate all rational numbers 
into two classes, putting into the first class all negative 
rational numbers and all positive rational numbers 
whose squares are less than 2, and into the second 
class all positive rational numbers whose squares are 
greater than 2, the numbers in the first class will be 
less than those in the second class, and there is no 
rational number which will be the largest number in 
the first class or the smallest number in the second 
class. 

For, let a be any positive number in the first class, 
that is, any positive rational number whose square 
is less than 2. Let p be any other positive rational 
number. 2-—da? is positive, and (a+)? or a? + p(2a+p) 
will be less than 2 if 


p(2a+p)<2—a?. 


* This is a proposition of Euclid (Elements, X, 117). 
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This will be true if p is less than some positive number 
p’, and at the same time less than 


2—a?- 
26 +p" 


Suppose we take p equal to a half of the smaller of 
the two numbers 


a+p will be a rational number greater than a and its 
square will be less than 2. 

Again, let a’ be any number in the second class and 
p some other positive rational number less than a’. 
a/2 —2 is positive, and (a’—p)? will be greater than 2 if 


p(2a’ —p)< a’? —2. 


Be rhisawill. be true if 


If we take p equal to a half of this fraction, a’—p will 
~ be a positive rational number less than a’ and its square 
will be greater than 2. | 


We assume: 

In any separation of all rational numbers into two 
classes, those of the first class less than those of the 
second class, there is a number which occupies the point 
of separation. 
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This is the definition of continuity. We assume that 
the system of all numbers is continuous. 

The number is determined by the separation. A 
number thus determined, if not a rational number, 
is called an irrational number. 


6. An irrational number separating all rational 
numbers into two classes is to be regarded as greater 
_ than those of the first class and less than those of the 
second class. 

Two irrational numbers are different if they do 
not separate rational numbers into the same two 
classes. There are numbers which are in the second 
class in one case and in the first class in the other case. 
They are greater than one and less than the other of the 
two irrational numbers. 

If a rational number c lies between two irrational 
numbers, that irrational number which is less than c 
is to be regarded as the smaller of the two and the 
other as the larger of the two. 

We have, then, the following theorem: 


Theorem.—a, [), and 7 being any three numbers, rational 
or trrational, if a<B and B<y, thena<y. 


Proof.—Any rational number c lying between a and 
B is less than a rational number c’ between @ and 7, 
c being in one of the two classes which determine 
and c’ in the other. But either of these numbers is 
greater than a and less than y. Therefore, a< jy. 


In any separation of numbers into two classes deter- 
mining a number, rational or irrational, we may include 
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all irrational numbers in the two classes. An irrational 
number less than a rational number of the first class 
belongs in the first class, and an irrational number 
greater than a rational number of the second class — 
belongs in the second class. The number which occu- 
pies the point of separation may be put into either 
class. If it is in the first class, it will be the largest 
number in this class and there will be no smallest 
number in the second class, rational or irrational. If 
it is in the second class, it will be the smallest num- 
ber in the second class and there will be no largest 
number in the first class. 


7. In Geometry any line commensurable with a 
given line a has a ratio to a which is a rational number, 
and any positive rational number is the ratio of some 


line to a. If the rational number is - where m and n 


are positive integers, we have but to divide a into n 
equal parts and lay off one of these parts m times on 


another line to get a line whose ratio to a is = 


If we take a for unit of length, the ratio of the other 
line to a is called the length of the other line. 

If a line b is not commensurable with a, we may 
divide all lines which are commensurable with a into 
two classes, putting those which are shorter than 6 in 
_the first class and those which are longer in the second. 
All rational numbers are thus separated into two 
classes and an irrational number is determined which 
we call the ratio of b to a. 

We may think of all lines as laid off on some in- 
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definite line L from some fixed point O on L. a being 
the unit line, the distance of the end-point of any line 
from O will be the ratio of this line to a. We may let 
points to the right of O have a positive distance and 
points to the left of O a negative distance. The dis- 
tance of O itself will be zero. Every point, then, on 
the line LZ will have a distance from O which is a rational 
or an irrational number. 

Now we assume in Geometry: 

In any separation of the points of a line into two 
classes, those of the first class being to the left of those 
of the second class, there is a definite point of separa- 
tion, a point whose distance from a given point O on 
the line, with respect to a given unit of length, is either 
a rational or an irrational number. 

That is, we assume that the points of the line form a 
continuous system. 

Making this assumption, we have the following 
theorem: 


Theorem.—We can establish a correspondence (Art. 2) 
between the points of a line and the set of all rational and 
irrational numbers, associating each point with one and 
only one number, and with each number one and only one 
point. 


Proof.—Taking a point O on the line and a unit of 
length, we have proved that every point on the line has 
a distance from O which is a rational or an irrational 
number, and that every rational number is the distance 
from O of some point on the line. 

Any irrational number separating all numbers into 
two classes determines a separation of the points of 
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the line into two classes, and so determines a point 
whose distance from O is this irrational number. There- 
fore, every irrational number, also, is the distance from 
O of some point on the line. — 

If, then, we associate each point of the line with the 
number which expresses its distance from O, we have 
a correspondence between the points and the system 
of all rational and irrational numbers. 


Every line has a ratio, rational or irrational, to a 
given line a, and every rational or irrational number 
is the ratio of some line to a. 

We make the same assumption of angles, of arcs on 
the same or equal circles, and of many other magni- 

tudes of Geometry. 


8. There are several theorems in which geometrical 
magnitudes are associated in such a way that any two 
magnitudes of one set are in the same ratio as the 
corresponding magnitudes of the other set. 

Such a theorem is first proved when the two magni- 
tudes of each set are commensurable. Then, when 
the two magnitudes of each set are incommensurable, 
their incommensurable ratios divide all rational num- 
bers into the same two classes, and are, therefore, the 
same irrational number. 


—_. 


For example, assume it to have been proved that 


when a line parallel to one side of a triangle cuts off 
on the other two sides parts which are commensurable 
with the whole sides, these parts have the same ratio to 
the whole sides. When the line cuts off parts which 
are not commensurable with the whole sides, these 
parts also have the same ratio to the whole sides, 
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Cc 


Let A’B’ be parallel to the side AB of the triangle. 
ABC -and cut off on CA and CB parts CA’ and CB’ 
not commensurable with C'A and CB, to prove that the , 
incommensurable ratios of CA’ to CA and of CB’ to 
CB are the same irrational number. 

Any positive rational number which is less than the 
ratio of CA’ to CA is the ratio to CA of a commensurable 
line shorter than CA’, and a parallel to AB cutting 
off this line, since it cannot cross the parallel A’B’, 
must cut off on CB a line shorter than CB’. But the 
line so cut off has for ratio to CB the same rational 
number. Therefore, any positive rational number less 
than the ratio of CA’ to CA, and so any rational number 
less than the ratio of CA’ to CA, is less than the ratio 
of CB’ to CB. In the same way we prove that any 
rational number less than the ratio of CB’ to CB is less 
than the ratio of CA’ to CA. ; | 

That is, these two ratios divide all rational numbers 
into the same two classes, and are, therefore, me same 
irrational number. 
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9. Theorem.—Given a separation of all rational num- 
bers into two classes, those of the first class less than 
those of the second, and any positive rational number e, 
there are two numbers, one in each class, whose difference 
is less than «. 


 Proof.—Let k and k’ be two numbers in the first and 


second class, respectively. There is a positive integer 
Ie Te wesdividee Se ae 


é 
n equal parts, each of these parts will be less than «. 
Let p be one of these parts and add it to k n times in 
succession. We get the numbers 


k ktp k+2p...W. 


n greater than 


Some of these numbers will be in the first class and the 
rest in the second class. Let a be the last one in the first 
class and let a’ be the number which comes next after 
a in this set of numbers, and which is, therefore, in 
the second class. Then 


a’—a=p<e. 


There are, indeed, an infinite number of numbers in 
each class, any one of those in one class differing from 
any one of those in the other class by less than «. 


10. Theorem.—Given a set of rational numbers sepa- 
rated into two classes, those of the first class less than - 
_ those of the second, if for every positive rational number 
e there are two numbers, one in each class, whose dtffer- 
ence \is less than «, we can by means of this separation 
determifhe a separation of all rational numbers, and a 
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number, rational or irrational, which occupies the point 
of this separation. 


Proof.—To determine a separation of all rational 
numbers that will include the given separation we must 
put any rational number into the first class if it is less 
than a number already in the first class, and into the 
second class if it is greater than a number already in 
the second class. There can be only one rational num- 
ber whose position is not in this way determined. For 
the difference between any two different rational num- 
bers is a positive number, a value of ¢«, and there are 
two numbers in the given set, one in each class, whose 
difference is less than this value of «. 7 

If there is one rational number which is not less than 
any number already in the first class nor greater than 
any number already in the second class, we may put 
it into either class. Every rational number is, then, 
assigned to one or the other class, and a number, rational 
or irrational, is determined by this separation. 


Any separation of numbers into two classes, those of 
the first class less than those of the second, is called 
a cul. We shall, however, use the phrase separation 
unto two classes, 


III. OPERATIONS UPON IRRATIONAL NUMBERS ~ 


11. Addition.—If, a, b, c, and d are rational num- 
bers, and if a<b and c<d, thenat+c<b+d. 

Now let a and £-be two numbers, one or both irra- 
tional. Let a be any number in the first and a’ any 
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number in the second of two classes of rational numbers 
determining the number a. Let 6 and Dd’ in the same 
way denote numbers of two classes determining £. 


Theorem.—We can determine a separation of all num- 
bers into two classes by putting numbers of the form a+b 
into the first class and numbers of the form a’ +b’ into 
the second class. 


Proof. at+b<a’ +b’. 


Now, «¢ being any given positive rational number, there 


° € 
are numbers a and a’ whose difference is less than 5? 


and numbers } and 0’ whose difference is less than =. 


Thus there are numbers a+b and a’+b’ whose differ- 
ence is less than ¢«, and a separation of numbers is 
determined. | 


The number determined by this separation is called 
the sum of a and # and is written a+f. 


Cor. 1.—c being a rational number and aq irrational, 
we can determine the sum a+c by the separation of 
numbers of the form a+c and a’ +e. 


Proof.—The separation of the numbers a+c and a’ +c 
is sufficient to determine a number, since for any given 
positive rational number « we can determine numbers 
a and a’ so that 


(a’ +c) —(ate)< é, 
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' Now, given any number a, if & is the difference be- 
tween a and some rational number lying between a 
and a, then 


at+c=(a+k)+(c—k), 


and by definition (a+k)+(c—k) is a number in the 
first of two classes determining the suma+c. Similarly 
we prove that a’+c is a number in the ‘second of two 
classes determining a +c. 

The number determined by the separation of the 
rational numbers a+c and a’+c must, therefore, be the 
same as the sum a +c. 


Cor. 2.—The commutative and associative laws hold 
in the addition of irrational numbers, since they hold 
in the addition of the rational numbers used in defining 
the sum of irrational numbers. 

That is, 


ash G =p -La, 
(a+f)+r=a+(6+7). 


12. Theorem.—a, £, and y being any three numbers, 
rational or trrational, if a< 8, thena+r<B+ry. 


Proof.—Take a’ and b so that a’<b, and let c and c’ 
be rational numbers of two classes determining ;, c 
and c’ taken so that c’—c<b-—a’. Then we have in 
succession the inequalities 


aty<a+c<b+ce< +7; 


whence | at+r<e+r. (Art. 6) 
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Cor.—If also 7< 0, then a+7<£+0. 


13. Subtraction.—We can define a—f as the number 
which added to # will give a for sum. For all num- 
_ bers may be separated into two classes, those which 
_ added to 8 give a sum less than a being in the first class 
and those which give a sum not less than a@ in the second 
class. 


Theorem.—We can separate all numbers into two. 
classes by putting numbers of the form a—b’ into the first 
class and numbers of the form a’ —b into the second class, 
and this separation will determine the number a—f. 


Proof.— a—b’ <a’ —b, 


and as in the proof of the theorem of Art. 11 we can 
determine the numbers a, a’, b, and b’ so that the 
difference of the numbers a—b’ and a’—b shall be 
less than «, this difference being the same as the differ- 
ence of the numbers a+b and a’ +b’. 

Now, given any a and b’, a—b’+b’ is a number in 
the second of two classes determining the sum of the 
rational number a—b’ and f (Art. 11, Cor. 1). But, 
being equal to a, this number is in the first of two 
classes determining a, and the sum of the rational 
number a—b’ and @ is a number less than a. 

Similarly we prove that all numbers of the form 
_a'—b added to # give a sum which is greater than a. 
The numbers a—b’ and a’—b, therefore, determine 
by their séparation ‘the number which added to 
gives the sum a; they determine the number a—{. 
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14. If a and 6 are any two rational numbers, and if 
a<b, then —b< —a. 

If we have all rational numbers separated into two 
classes and we change the signs of all these numbers, 
we shall get a new separation of all rational numbers, 
those in either class in the first separation becoming 
those in the other class in the second separation. Unless 
these separations determine the number zero they will 
determine two different numbers, one greater than zero, 
or positive, and the other less than zero, or negative. 
These two numbers are said to be: numerically equal 
with opposite signs. Each is the negative of the other, 
and that one which is positive is the numerical value of 
both. 

The numerical value of a number is also called its 
modulus, and is often denoted by placing the number 
between vertical lines. Thus, we write |a| for the 
numerical value of a. 

a and # being any two numbers, 


a—B=a+(—§); 


for both members of this equation are determined by 
a separation of rational numbers of the form 


a—b’ and a’—d, 
which can also be written 
a+(—b’) and a’+(-D). 


In a similar way we prove that the numbers ox B 
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and 8—qa are numerically equal with opposite wp 
so that we may write 


B-a=—(a—), 
|8—a|=|a—8]. 


|a—£| is called the difference of the two numbers 
a and f. 

The difference of two numbers may always be obtained 
by changing the sign of one of them and adding, and 
since the numerical value of the sum of two numbers 
is equal to the®sum or difference of their numerical 
values, we can say -that the numerical value of the 
sum or difference of two numbers is equal to or less 
than the sum and equal to or greater than the differ- 
ence of their numerical values. 

That is, we may write 


la+s| Zla|+|4l, 
and S|a|—|8l, 


and either letter in the last expression may be written 
in the first term. | 
In particular, if |x—c|<a and |y—c|< 8, then 


|z—y|<atf. 


15. Multiplication—If a, b, c, and d are positive 
rational numbers, a<b and c<d, then ac<bd. 

Now let a and ~ be two positive numbers, one or 
both irrational. Let a be any positive number in the 
first and a’ any number in the second of two classes 
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_ of rational numbers determining a, and let b and 6’ 
represent in the same way two classes determining 7. 


Theorem.—We can determine a separation of all num- 
bers into two classes by putting numbers of the form ab 
into the first class and pil of the form a’b’ into the 
second class. 


Proof. ab <a’b’. 


Now let ¢ be any positive rational number. pp being 
any other positive rational number, there are numbers 
a and a’ whose difference is less than p, and numbers 
b and b’ whose difference is less than p. That is, there 
are numbers for which 


a’<a+p and 0b’<b+p; 
therefore, ab! <ab+p(a+b+>). 


If » is taken less than some particular positive 
rational number p; and we let a, and by be two 
particular rational numbers greater than a and 8, 
respectively, so that 


a+b+p<atht+p, 
and if we also take p less than 


E 
ai+ bi + pr’ 


we shall have ab! <ab+e, 


or a’'b’—ab<e. 
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The number determined by this separation is called 
the product of a and @ and is written af. 

If one of the two numbers is zero, we shall say that 
the product is zero. If one of the numbers is negative, 
or if both are negative, the numerical value of the 
product will be the product of their numerical values, 
and the product itself will be positive or negative 
according as they have like or unlike signs. 


Cor. 1.—c being a rational number and a irrational, 
we can determine the product ac by the separation of 
numbers of the form ac and a’c. 


Proof.—The separation of the numbers ac and a’c 
is sufficient to determine a number, since we can 
make . 

a’c—ac<e 


by taking a and a’ so that 
a’! —a<—. 
@ 


Now, given any a, if k is the ratio to a of some rational 
number lying between a and a, so that the number 
_ between a and a may be written ak, then 


and by definition this is a number in the first of two 
classes determining the product ore. ; 

Similarly we prove that a’c is a number in the second 
of two classes determining ac, 
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Therefore, the number determined by the separation 
of the numbers ac and a’c must be the same as the 
number ac. 


Cor. 2.—The commutative, distributive, and associa- 
tive laws hold in the multiplication of irrational num- 
bers, since they hold in the multiplication of the rational 
numbers used in defining the product of irrational 
numbers. 


That is, af =Ba, 
(af)7 =a(87), 
a(B+y)=a8+ar. 


16. Theorem.—a, 6, and y being any three positive 
numbers, rational or irrational, if a< 8, then ay < fy. 


Proof.—Take a’ and b so that a’<b; let cy be some 
particular rational number less than y and take c and 
c’ rational numbers of two classes determining 7, c and 
c’ taken so that 

wl 
c>c, and at the same time c’ —c< nore) 


We shall then have 


b—a’ 
ee “0 
a 
or OC 0G: 
That is, Oy iG BPC cea 


Cor.—If also 7 <0, then a7 <0. 
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17. Division—a and f£ being any two numbers, one 
or both irrational and a not zero, we can define the 


quotient e as the number which multiplied by @ will 


give # for product. 

For, if w and @ are positive, we can separate all num- 
bers into two classes by putting into the first class 
those numbers which multiplied by a give a product 
less than £, and into the second class those which mul- 
tiplied by a give a product not less than ~. This 
separation determines a number which multiplied by 
a gives @ for product. 

If 8 is zero, the quotient will be zero. 

If one number is negative, or if both numbers are 
negative, the numerical value of the quotient will be 
the quotient of their numerical values, and the quo- 
tient itself will be positive or negative according as 
they have like or unlike signs. 


a and # being positive, let k be some positive rational 
number less than a, and for the moment restrict a@ to 
rational numbers which are greater than k in the first 
of the two classes determining a. a’, b, and b’ being 
defined as before, we have the following theorem: 


Theorem.—We can separate all numbers into two classes 


b. 
by putting numbers of the form ai into the first class and 


| OS . 
numbers of the form es into the second class, and this sep- 


aration will determine the number f 
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/ 
Proof. ee 
ass 
qd 1 alte a'b’—ab 
an A eS er : 


Now as in the proof of the theorern for multiplication 
we have . 


a’b’!—ab< p(ai+b1+ 71), 


and if we take p also less than 


we shall have eam rc 


But, given any a’ and 8, a is a number in the 
second of two classes determining the product of the 
: b 
rational number a and a (Art. 15, Cor. 1); and, being 


equal to 6, this number is in the first of two classes 
determining 2. Thus the product of the rational num- 


ber “ and a is a number less than 2. 


: i 
Similarly we prove that all numbers of the form 


multiplied by a give a product which is greater than ~. 


The numbers - and 2. therefore, determine by their 
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separation the number which multiplied by @ gives the 


Q 
product #: they determine the number m 


- TV. EXPONENTS AND LOGARITHMS 


18. We obtained an example of an irrational number _ 
by separating all rational numbers into two classes, 
those of the first class comprising all negative rational 
numbers and all positive rational numbers whose 
squares are less than 2, those of the second class com- — 
prising all positive rational numbers whose squares are 
greater than 2. We can now say that the irrational 
number so determined is a number whose square is 
equal to 2, and that it may be called the square root 
of 2. | 

In general we have the following theorem: 


-Theorem.—a being any positive rational or irrational 
number and n any positive integer, there exists a positive 
number B whose nth power equals a. 


Proof.—We can separate all positive numbers into 
two classes according as their nth powers are less than 
a or not less than a. Let a be any positive number 
whose nth power is less than a, and b any positive 
number whose nth power is not less than a. Then a 
must be less than b; for, otherwise, the nth power of 
a would not be less than the nth power of b (Art. 16). 
Putting negative numbers into the first class we have, 
Beata a separation in which all numbers of the 
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first class are less than those of the second elass, and 
a number f is determined by this separation. 

Now a can be determined by the separation into two 
classes of numbers of the form a” and 6”. Therefore, 
the nth power of £ is equal to a. 

£ is called the nth root of a and is written j/a. 


19. Theorem.—I} a number a is greater than 1, and « 
as any positive number, there 1s an integer n such that 


a" 8, 
Proof.—Let a=1+0. 
Then we can prove by induction 
— arS14no. 
For, assuming that this is true for n, we have 
ats (Leno) Cl 4-0) 
>1+(n+1)6, 


so that what we have assumed, if true for n, is true 
for n+1, and, being true for n=1, is true for all values 
of n. 

Therefore, for all values of n 


a">no. 


Now by Art. 3 there is an integer n for which nd> « 
(if 0 or ¢ 1s irrational, n may be any integer greater 
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than some rational number in the second of two classes 


determining >) For any such integer n 
ax, 


- Cor.—If a number a is greater than 1 and « is any 
positive number, there is an integer n such that 


VWa—l<e. 


Proof.—Let £2 be a number lying between 1 and ¢ 
1+¢. There is, then, an integer n such that 


Br >a, 
and for this number n 
Va<p<1te; 
that is, Va—1<e. 


a is greater than 1 and differs from 1 by less than «. 
If a particular integer 7 satisfies the theorem or the 
corollary, the same will be true of any integer beyond. 


20. Theorem.—l, r, and s being positive integers and a 
a positive number, 


(4/a)"" =(W/a)’. 


Proof.—Let a denote the Isth root of a, so that a =a. 


\ 
Then | a=Va and al = (a), 
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But a and a’ may be regarded, respectively, as the 
product of s factors and the product of r factors each 
equal to a’. Therefore, in the first place, 


a’ ay V a, 
and then, ant = (4/ iB ye 
That is, (W/a)""=(4/a)*. 


Using fractional exponents we write the last theorem 


un ee 
a" =as. 


That is, if » denotes any positive rational number, we 
have a definite meaning for the expression a?. 

We shall understand that a negative exponent is 
defined by writing 


and that a®=1. _ 


21. Theorem.—a being a positive number, rational or 
irrational, and p and q any rational numbers, | 


aPar = (1? +q 


- Proof.—First, when p and q are both positive, let 
s be their common denominator, so that we can write 


r i 
oes and fae 
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Then, if a? =a, 
aP=a", at=a", and aPti=art”, 
But eh aa et 


our theorem for positive integer exponents being a 
particular case of the associative law. Therefore, 


aPat =qPt4, 


Suppose one of these exponents negative and numer- 
ically smaller than the other, say g=—q’, where q’ 
is positive and less than p. Then 


Pp 
ara? = ee = QP Qle 
qv ? 


for a OP! = GP: 


If both exponents are negative, or if one exponent 
is negative and numerically greater than the other, let 
p=-—p’ and q=-q¢/. 


The formula reduces to an identity when either 
exponent is zero. 


22. Theorem.—a being a positive number, rational or 
irrational, and p and q any rational numbers, p<4q, 


a®<at_ when a>l, 
and aP>at ea 
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Proof.—First, when a is greater than 1. 
Using the same notation we have, when p and q are 
. positive, 3 


OP =a and) Gear ar 


But when a>1, a>1 and a’<a”, the latter power 
being obtained from the former by additional factors 
a greater than 1. Therefore, 


aP<ay’, 


If » and gq are negative, say p=—p’ and q=—q, 
q <p’, then 


a’ <a’ and a?<a’. 
If p is negative and q positive, 
aP<1. and -.a?> 1: “hence, -a? <a?. 
If either exponent is zero, we have 


TOUS OR ee ee ie 


1 
5 8° that b>1. Then 


Second, when a<1 put a=— 
bP<b% and aP>at’. 
Cor.—If p and q have the same sign, |p|<|q|, then 
[ar —1|<]a?—1]. 


23. Theorem.—a being a positive number different 
from 1, and p and q any rational numbers each numer- 
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cally less than some given number M, to every positive 
number « corresponds a positive number 6 such that 


|a?—a?|<e when |g—p|<o. 
Proof.—Take p<q, say g—p=r. Then 
a*—aP =a?(a™—1), 
and if a>1, |at—aP| <a™(a™—1). 
Now there is a positive integer such that 


1 
am —1< ae (Art. 19, Cor.) 


and if we take 6 =>, we shall have, for values of r less 


than 0, : 
|at—aP|<e. (Art. 22, Cor.) 


If a<1, put a=5 so that b>1, and 


|a?—a?|=|b-29—b-?|<e 


when |-—q+p|<é, 
, ee 
6 being equal to the fraction — determined so that 


iss 


1 
\ bn —1 <a. 
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24. Theorem.—a being a positive number different 
from 1, the separation of all rational numbers p into two 
classes determining an irrational number i produces a 
separation of all the numbers a?, and so of all numbers, 
into two classes, determining a number, rational or trra- 
tional, which we may call a’. 


Proof.—Let p; be any number in the first and pe 
any number in the second of two classes of rational 
numbers determining 4. Then 


a\<ar? when a>l, 


and a? > qP a a<l. 


Thus in either case the numbers a? are separated into 
two classes, those of one class less than those of the 
other class. hie 

Moreover, there are numbers a?! and a?: whose dif- 
ference is less than any given positive number e, since 
there are numbers p; and 2 whose difference is less 
than the number 6 of the last theorem. 

Therefore, the separation of the numbers a? into two 
classes determines a separation of all numbers into two 
classes, and a number, rational or irrational, which 
occupies the point of this separation. 


The preceding theorems, stated only for rational 
exponents, can be proved true also of irrational expo- 
nents. | 

For example, let »; and p2 be any two numbers cf 
two classes of rational numbers determining 4, and qi 
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and gz rational numbers of two classes determining p, 
A and y» being one or both irrational. 

The separation of the numbers a?!a% and a?2a% into 
two classes determines the same number, the product 
aa", as the separation of the same numbers written 
amit and aP2t2 into the same two classes, which de- 
‘termines the number a’*“, Therefore 


Gat=ors. 


25. Theorem.—a and b being any two positive num- 
bers, a different from 1, there is a number A such that 


a =b.- 


Proof.—We can separate all rational numbers into 
two classes, putting a number 7 into one class if a? <b, 
and into the other class if a7>b. By the theorem of 
Art. 22 the numbers p of one class will be less than 
those of the other class. This separation determines a 
number A, and 6 is the number denoted by a’. 

4 is called the logarithm of b to the base a. 


CHAPTER II 


SEQUENCES 


I. REPRESENTATION OF NUMBERS BY SEQUENCES 


26.. A sequence is an infinite set of numbers arranged 
so that each one has a definite numbered position; 
that is, one comes first, each is followed by one that ° 
comes next after it, each except the first is preceded — 
by a finite number of others, and each is followed by 
an infinite number of others. 

A sequence 1s a set of numbers placed in correspond- 
ence with the set of positive integers (Art. 2). 

The numbers of a sequence are called its elements. 

A sequence may be expressed by a formula which 
gives the nth element for every value of n, or by a 
statement which indicates in some way how each ele- 
ment is determined. 

A sequence is often indicated by a certain number of 
the elements at the beginning followed by dots, but we 
ought always to give a formula or to state the law by 
which the elements are determined. The formula or 
law need apply, however, only to those numbers not. 
given. Indeed, we may put for any finite number of 
the elements any numbers we please, and give a for- 
mula which applies only to the numbers not written. 

34 
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We will give the following examples of sequences: 


(1) The sequence 


i 


(2) The sequence of prime numbers 


bang POS eb cee: 


(3) The sequence 


(4) The sequence 


Leek oa 5 


HA] on 


4 
3 
nm any integer greater than 5. 


(5) A sequence of fractions whose denominators are 
the successive integers beginning with 3, the fractions 
corresponding to even integers all equal to 4 and the 
fractions corresponding to odd integers alternately less 
and greater than 4, differing from 4 by the smallest 
amount possible for fractions with the given denom- 
inators; namely, the sequence 


La pees as ea 
3 4 Ges Genes 


(6) The sequence whose first element is 1, and in 
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which from any element a we get the next by adding 
to a the largest integer not greater than ,/a. The first 
ten elements of this sequence will be 


1 222:3 4. 683 10-213) 1b 2 


(7) We may suppose a sequence to consist of one 
number or certain numbers repeated. For example, 


yo se ee a oe 


27. It is possible to arrange a set of numbers in 
a way that will form a sequence, and in another way 
that will not form a sequence. We may, for example, 
select an infinite set from the elements of a sequence 
and let the remaining elements come after them. Thus, 
taking the set of positive integers, we might suppose 
all odd numbers to come first, in order, and then all 
even numbers. In this arrangement there is a num- 
ber, 1, which comes first, and each number is followed 
by one which comes next after it; but any even num- 
ber is preceded by an infinite number of other num- 
bers. The numbers in this arrangement do not form 
a, sequence. 

We have already seen that the set of all positive 
rational numbers may be arranged so as to form a 
sequence although these numbers do not form a se- 
quence when arranged in order of magnitude (Art. 4). 
Indeed, the set of positive integers, and consequently 
the numbers of any sequence, may be arranged so that 
between any two there are others,—so that no num- 
ber of the set is followed by one which comes 
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next after it. To do this we have but to establish 
a correspondence between the set of positive integers 
and the set of all positive rational numbers, as is done 
on page 5, and then to arrange the set of positive 
integers in the order of magnitude of the correspond- 
ing rational numbers. In such an arrangement of 
integers each integer is preceded by an infinite num- 
ber of others, as well as followed by an infinite num- 
ber of others. 


28. An irrational number is determined by the place 
which it occupies among rational numbers, but it is 
often most conveniently represented by a sequence. 


The sequence 


ay ag x. @ e An > e@ @ 


represents a number a if for every positive number « 
there is a place in the sequence beyond which all the 
elements differ from a by less than e. 


Thus the sequence 


represents the number 1. 


For, the difference between the number 1 and —~ ria 


ee ; 
the nth element of this sequence, is aa and this 


; : 1 oF 
is less than « if n>——1. Now there is a positive 
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seer, 1 ; 
integer n which is greater than eat 1, and all integers 


beyond are greater still. Therefore, there is a place 
in the given sequence beyond which all the elements 
differ from 1 by less than «. 

A sequence cannot represent two different numbers, 
for no element could differ from both by less than 
a half of their difference. 

If a sequence represents a number a, we may speak 
of a as the value of the sequence, or say that the sequence 
is equal to a. 

We sometimes say that a sequence is convergent 
if it represents a number. 


29. Theorem.—A sequence represents the number zero 
af for every positive number « there is a place in the 
sequence beyond which all its elements are numerically 
less than e«. 


Proof.—The difference between a number and zero 
is the numerical value of the number. 


Thus the sequence 


oe 
n 


e 

2 e e ° 
al. i. 

represents the number zero. For, See if n> Ee and, 


given any value of ¢, there is a point beyond which 
this is true for all values of n. 


30. We often use the expression “any given num- 
penis a assigned number’, “an arbitrary num- 
ber”, or “any number”, er: every number. 
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That is, the theorem in which such an expression is 
used is true for every number. 

The expression “ any number” may be used with 
certain restrictions. In fact, we generally restrict it 
to positive numbers, and we sometimes restrict it to 
positive rational numbers. 

We have made use of expressions a this kind in 
Arts. 9 and 10 and in Arts. 19 and 238. | 

We shall generally use the letter « to represent 
“ any positive number ”’. 


31. When a sequence represents a number a, the 
place beyond which all the elements differ from a@ by | 
less than « will depend, in general, on the value of «. 

We may say, however, 

(1) If a particular place satisfies the condition for 
a particular value of «, any place beyond will satisfy 
the condition for the same value of «. 

(2) If a particular place satisfies the condition for 
a particular value of ¢, it will satisfy the condition 
for any larger value of «. 

Given two values of ¢, the first place which satisfies 
the condition for the smaller value of « will generally, 
though not always, be farther along than the first place 
which satisfies the condition for the larger value of «. 

There is no place which satisfies the condition 
for all values of « unless there is a place beyond 
which the elements of the sequence are all equal 
to a. 

A place in the sequence beyond which all the ele- 
ments differ from a by less than « may be called a 
place corresponding to « with respect toa. Ifa sequence 
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represents a number a, then to every e corresponds 
some place in the sequence with respect to a. 

If a sequence does not represent a, there must be 
at least one value of ¢ for which the above condition 
is not satisfied. By virtue of (2) the same is true of 
every smaller value of «. Let ¢; be a value of « to 
which no place corresponds with respect to a. Then 
there are in the sequence an infinite number of ele- 
ments which differ from a by as much as Pa For, 
beyond some particular place there is at least one, 
say a1; beyond a, there is at least one, a2; beyond ae 
another, and so on without end. 


32. Theorem.—/] a 1s a number numerically less than © 
1, the sequence 


Coon eeote omnes 
represents the number zero. 
: A te 
Proof.—Since |a|<1, leis 1, and for any positive 
number ¢ there is an integer n such that 


are (art. 19 


|v 
or la|"<e. 


This, being true for a particular integer n, is true for 
all greater integers. 

Again, since |a\" is the same as |a”| (Art. 15, feast 
before Cor. 1), there is a positive integer corresponding 
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to e such that for all integers greater than this integer 
la” | < €. 


That is, for any positive number « there is a place 
in the sequence of powers of a beyond which these 
powers are numerically less than «. 


33. Theorem.—Any number may be represented by a 
— sequence of rational numbers. 


Proof.—Let 


QA Qe e ee An ee e¢ @ 


be a sequence of rational numbers representing zero, 
none of the numbers being themselves zero. To form 
a sequence representing a number a we may take for 
a, the greatest multiple of a, which is not greater than 
a, for az the greatest multiple of a2 which is not gzeater 
than a, and so on. Then the sequence 


ay 02 ° ° ° An ° e °@ 


will represent the number a. For, a, differs from a by 
less than a», and for any ¢ there is a place in the se- 
quence of a’s beyond which they are all numerically 
less than «. 
Suppose we wish to form a sequence representing the 
square root of 2 and we take for the a’s the sequence 


1 Ole 
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The largest multiple of less than \/2 will have 


for numerator the largest integer whose square is less 
than 2n?. The largest squares less than the numbers 


2 SO: 18 025 OU ae, 


are 1 4 1625 ee 


Therefore, the square root of 2 is represented by the 
sequence 


ofn 


Pema! Patna 
Gee oak 


The diagram opposite will serve to show how thesc 
numbers represent the square root of 2. 

To represent a rational number we may take a 
sequence all of whose elements are equal to this 
number. 

On the other hand, we may have sequences whose 
elements are irrational numbers. 


34. Theorem.—I/] a sequence represents a number a, the 
numerical values of its elements form a sequence repre- 
senting the numerical value of a. 

Proof.—If lan —a| <e, 
then llan|—|a||<e, 


the latter difference being equal to or less than the 
former (Art. 14). Therefore, if any place in the origi- 
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= 
PEEP AN Suit 
SREP EAA ALIN Pte a 
Bene het Nathan Lb tot pt oS hare Va eereel ed 
ARRAN EEE 
HEH el es ee eee 
eccnrt eee ee 


The diagram is on the seale of 
30:1. Multiplying the numbers 
of the sequence by 30, we have 


30 ~ 80 30 40 374 42 40 384 41 
pe faethe ||| ; ; 


40 42 4042 40 4145... 


In other words, the divisions 
represent 30ths. 


_ 2a Ea od 
ea ie hth 
nal sequence corresponds to « with respect to a, the 


same place in the sequence of numerical values will 
correspond to « with respect to the numerical value of a. 


35. Theorem.—I} a sequence represents a number a, 
and M is any number different from a, there 1s a place 
in the sequence beyond which all the elements differ from 
a by less than the difference between a and M, 


Proof.—The difference between a and M is a positive 
number not zero, a particular value of «. The theorem, 
then, follows from definition. 


Cor. 1.—If M>a, there is a place beyond which all the 
elements are less than M. 
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Cor. 2.—If M <a, there is a place beyond which all 
the elements are greater than M. 


Cor. 3.—If a is not zero, there is a place beyond 
which all the elements have the same sign as a. 

For, if a is not zero, we can take zero for M, and any 
number between zero and a has the same sign as a. 


36 Theorem.—Given two convergent sequences, tf there 
vs a place beyond which the elements of the first are greater 
than the corresponding elements of the second, the num- 
ber represented by the first 1s equal to or greater than te 
number represented by the second. 


Proof.—Let the two sequences be 


Gi; Q2..... Qn... representing a, 
and bi be e ° e De ¢ {el | b, 


and suppose for all values of n 
in > On. 


If a<b, take «=4(b—a). For all values of n beyond 
a certain place we have 


Qn<ate and b,>b—e; 
and, therefore, an —bna<a—b+2e=0; 
that is, | On <On, 
which is contrary to hypothesis. Therefore, 


aSb. 
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Cor.—If in a convergent sequence there is a place 
beyond which all the elements are greater than a 
certain fixed number 6}, then the number which the 
sequence represents is equal to or greater than 6; or 
if there is a place beyond which all the elements are 
less than b, the number which the sequence represents 
is equal to or less than b. 


37. Theorem.—I} each element of a sequence is greater 
than the preceding and less than some number M, the 
sequence represents a number, either M or some smailer 
number. 


Proof.—We can separate all numbers into two 
classes, putting any number into the first class if there 
is a place in the sequence beyond which the elements 
are greater than this number, into the second class 
if there is no place beyond which the elements are 
greater than this number. The elements themselves 
are numbers in the first class, each being less than 
any that come after it. M is a number in the second 
class. This separation of all numbers determines a 
number a, rational or irrational. 

Now, ¢ being any positive number, a—e is a num- 
ber in the first class, and there is a place in the sequence 
beyond which the elements are all greater than a—e. 
But no element is greater than a. Therefore, there 
is a place beyond which the elements differ from a 
_by less than ¢, and hence the sequence represents a. 

a belongs to the second class and is the smallest 
number in the second class. Therefore, a is equal to 
or less than M. 
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In the same way we may prove 


Theorem.—I} each element of a sequence is less than 
the preceding and greater than some number M, the 
sequence represents a number, either M or some larger 
number. | 


II. RequtaR SEQUENCES 
38. The sequence 
ie HOSS tre Cl oe 


is regular if for every ¢ there is a place in the sequence 
beyond which all the elements differ from one another 
by less than e«. 


39. Theorem.—I/} a sequence represents a number a, it 
1s regular. . 


Proof.—If a sequence represents a number a, there 
is a place beyond which all the elements differ from a 


by less than = and beyond this place they will differ 


from one another by less than e. 


40. Theorem.—Conversely, a regular sequence repre- 
sents a number. 


Proof.—Given a regular sequence | 
ay ae . ° . An ° e . ) 


we can by means of this sequence determine a ‘separa 
tion of numbers as follows: 
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Let any number c be in the first class if there is a 
place in the sequence beyond which all the elements 
are greater than c; otherwise let c be in the second 
class. 

There are numbers in each class. For, there is a 
place in the sequence beyond which all the elements 
differ from one another by less than «. a, being an 
element beyond this place, a, —e¢ is a number in the 
first class and a,, +¢ is a number in the second class. 

This separation of numbers into two classes deter- 
mines a number a, rational or irrational. | 

Now a—e belongs to the first class, and there is a 
place in the sequence beyond which all the elements 
are greater than a—e. 


Again, a+5 belongs to the second class, and beyond 


any place in the sequence there are elements not greater 
than this number. But there is a place beyond which 
all the elements differ from each other by less than 
= and if some of them are not greater than ats, they 
must all be less than a+e. 

We have, then, a place in the sequence beyond which 
the elements are all greater than a—e, and a place 
beyond which they are all less than a+e. Beyond 
the farther of these two places they will all differ from 
a by less than e. 

Therefore, the sequence represents the number a. 
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III. OPERATIONS UPON SEQUENCES 


41. Theorem.—I} a sequence represents a number a, 
any sequence formed by taking a part of its elements will 
represent the same number a. 


Proof.—Each element of the new sequence is at 
least as far along in the original sequence, and a place 
which corresponds to « in the original sequence will 
certainly correspond to ¢ in the new sequence. 

In this theorem we suppose that the order of any 
two elements in the new sequence is the same as in © 
the original sequence, that the elements taken form a 
sequence and are not simply some finite number of 
elements, and that no element taken is repeated except 
as it may have been repeated in the original sequence. 

The theorem may also be stated as follows: 


Theorem.—I7 a sequence represents a number a, any 
sequence which we get by leaving out a part of its elements 
will represent the same number a. 


Cor. 1. The value of a regular sequence is not changed 
by interpolating elements if the new sequence is regular. 


Cor. 2. If two regular sequences have an infinite 
number of elements in common, they represent the 
same number. 


42, Theorem.—I} a sequence represents a number a, 
we may change the order of its elements in any manner, 
and it will still represent the number a if the elements in 
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the new arrangement actually form a sequence, each ele- 
ment having a definite numbered position with only a 
finite number of elements coming before it (see Art. 27). 


Proof.—Let us suppose that all the elements of the 
original sequence beyond the first n differ from a by 
less than «. These first n elements will occupy certain 
definite positions in the second sequence, and beyond 
the farthest of them the elements of the new sequence 
will all differ from a by less than «. Therefore, the 
new sequence represents the same number a. 


The number represented by a sequence does not 
depend on the particular order of the elements. In 
fact, we may represent a number a by an infinite set 
of numbers not thought of as arranged in any order 
whatever, the set being defined so that it is deter- . 
mined of every number that it is a number of the 
set or that it 1s not a number of the set. 

To do this we should have the following definition: 

An infinite set of numbers represents a if for every « 

it is true that all but a certain number of them differ 
from a by less than «. 
_ Thus we may dispense with the element of order, 
but any set of numbers which represents a number a 
may be arranged as a sequence,* and for us it will 
be simpler and in many theorems necessary to con- 
sider the set as so arranged. 


* For example, when an infinite number of them are less than a 
and an infinite number of them are greater than a, we might take 
_ the numbers of the two sets alternately, those less than a in order 
of magnitude and those greater than a in descending order of mag- 
nitude, | 
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43. Theorem.—I} the differences oj corresponding ele- 
ments of two sequences form a sequence equal to zero, and 
one of the sequences represents a number a, the other 
sequence represents the number a, and the two sequences 
are equal, 


Proof.—Let the sequences be 
Gi; io... ; G, » .. « Pepresentinge.4, 
and by bo Sutsians in Sn 


If there is a place beyond which the b’s differ from the 


corresponding a’s by less than — and a place beyond - 


2 ) 
which the a’s differ from a by less than = then beyond 
the farther of these two places the b’s will differ from 
a by less than e. This being true for every ¢, the b’s 
must form a sequence representing a. 


44, Theorem.—Ij two sequences represent two num- 
bers a and b, the sums of their corresponding elements 
form a sequence representing the sum a+b. 


_Proof.—There is a place in the first sequence beyond 


which its elements differ from a by less than 5 and a 


place in the second sequence beyond which its elements 


differ from 6 by less than S Beyond the farther of 


these two places the sum of corresponding elements 
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from the two sequences will differ from a+b by less 
than «. 


45. Theorem.—I} the two sequences 
SRA Seay haa ON oa 
and Wiebe eee Une Oe A 
represent the numbers a and b, respectively, the sequence 
Mien ine Us one tly. One! © 
will represent the number a—b. 
Proof.—(an—bn) —(a—b) =(Gn—a) —(bn—D). 


Therefore, 
| (an —bn) —(a—b)| Slan—al+|br—b]. (Art. 14) 


Now there is a place in the first sequence beyond 
which its elements differ from a by less than and a 
place in the second sequence beyond which its elements 
‘differ from b by less than =, ‘That is, beyond the 


2 
farther of these two places 


€ é 
|dn —a| <5 lbn — | <5) 


and, therefore, \(G@n—bn) —(a—b)| <e. 


52 SEQUENCES 


46. Theorem.—I} two sequences represent two numbers 
a and b, the products of their corresponding elements will 
jorm a sequence representing the product ab. 


-Proof.—Let the sequences be 
dj; G2... Oy oa « - Tepresenunse 
and bie cbse ee chee tases 
We are to prove that the sequence 


Mb! Gala. 5 . tena 
represents the product ab. 
Onbn — 4D =Anbn—Gnb+anb— ab. 
Therefore, 


| @nbn—ab| S| an||bn—b| +|b||an—al. 


Now if M is some number larger than |a|, there is a 
place in the first sequence beyond which its elements 
are numerically less than M. : 

Again, for any positive number ¢’ there is a Hbee in 
the first sequence beyond which its elements differ 
from a by less than e’ and a place in the second sequence 
beyond which its elements differ from b by less than ¢’. 

Beyond the farthest of all these places we have 


lan|<M, |an—al<e’, and |b,—bl<eé’. 
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Hence there is a place beyond which 
|Qnbn—ab| < Me’ + |b e’, 3 
and if e’ is taken so that 


Me’ +|ble’<e, 


that is, if <a TEP 
we shall have a place in the product sequence beyond 
which its elements differ from ab by less than «. 
47. Thedtemn. I } the two sequences 
SMe career ees, 


and bi i rd TA 6 He 


represent the numbers a and b, respectively, and ij the 
number a is not zero and none of the elements of the first 
sequence 1s zero, then the sequence 


bi Bp Op 


Geen te: 
he eb 
represents the quotrent i‘. 


Proof. bn 0 ez (abn — ab) — (dnb— ab) 


bn 5 


Qn a 


=|a||bn—b]+1b|lan—a 
faljaxh 2 


at ore 
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a is not zero, and if M is a number lying between zero 
and |a|, there is a place in the sequence of a’s beyond 
which all the elements are numerically greater than 
M. That is, there is a place beyond which 


eee 
lan| <M 


Again, for any positive number é’ there is a place in 
the first sequence beyond which its elements differ from 
a by less than ¢’, and a place in the second sequence 
beyond which its elements differ from b by less than é’. 

Beyond the farthest of these three places 


by db 


Qn a 


Jale’ + | ble” 
|a|M 


Now if ¢’ is taken so that the last expression shall be 
less than e, that is, if 


we shall have a place beyond which 


bn 0D 


—_ —— 


Qn a 


mie. 


48. In other words, the operations of addition, sub- 
traction, multiplication, and division of numbers repre- 
sented by sequences, can be performed by performing — 
these operations on corresponding elements of the 
sequences, 


OPERATIONS UPON SEQUENCES 55 


Any sequence may first be changed in accordance with 
the preceding theorems (Arts. 41 and 42), and thus the 
result may be presented in a great variety of forms. 
In particular, if we wish to divide by a number a which is 
not zero, and a is represented by a sequence some of 
whose elements are supposed to be zero, there can be 
only a finite number of these elements zero, and these 
may be omitted or changed into other numbers differ- 
ent from zero. 

We can sometimes combine the corresponding ele- 
ments of two sequences by addition, subtraction, 
multiplication, or division and produce a sequence 
which is regular, when the two given sequences are not 
regular. 

Or we may divide the elements of a sequence by the 
corresponding elements of a sequence representing zero, 
if zero does not itself occur among the elements of 
the latter sequence, and when both sequences repre- 
sent zero the resulting sequence may be regular and 
represent a number. But this number will have no 
special relation to the number zero, which the two 
sequences represent. 

For example, dividing the elements of the sequence 


by the corresponding elements of the sequence 


7d bh 
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both representing zero, we have a sequence 


n 
a We ae 


which represents > 

Norr.—The theory of irrational numbers given in 
Chapter I is due to Richard Dedekind; or, at least, 
most of its developments are due to Dedekind, and the 
writings of Dedekind have done the most to bring 
about its adoption at the present time. The reader 
will find the theory explained in an essay, ‘‘ Continuity 
and Irrational Numbers,” translated by W. W. Beman, 
and published by the Open Court Publishing Company. 
This theory has been adopted by Professor Fine in his 
“ College Algebra.” 

There is another theory of irrational numbers in which 
the numbers are defined as regular sequences and the 
addition, multiplication, etc., of regular sequences serve 
as definitions of these operations on irrational numbers. 
This theory is due to Georg Cantor; some exposition of 
it may be found in Chapter IV of Professor Fine’s 
“Number System of Algebra,” and a detailed treat- 
ment in Professor Pierpont’s “‘Theory of Functions 
of Real Variables.” , | 

The latter theory is more artificial than the theory 
of Dedekind. We naturally think of an irrational 
number as occupying a certain position among num- 
bers, and in describing this position we mention other 
numbers between which it lies. Thus we say that the 
square root of 2 is greater than 1.414 and less than 
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1.415. We know the square root of 2 by being able 
to determine the position of any rational number with 
reference to it. 


z IV. Tue THeory or Limits 


49. We naturally think of a variable as varying con- 
tinuously, varying through a continuous set of values 
in a continuous interval of time; but in cases con- 
sidered when we first study Algebra and Geometry there 
is no continuous set of values, nor is there any question 
of time. The values which the variable takes are dis- 
tinct, each followed by one which comes next after it; 
in other words, they form a sequence, and when the 
variable in this way approaches a number a as limit its 
values form a sequence representing a. Thus it simpli- 
fies the subject to dismiss the idea of variable and fix 
our attention on the sequence. 

However, as the language of variable and limit 
permeates nearly all of our mathematics, it may be well 
to consider a little in detail the meaning and use of 
these terms. What we shall say applies for the most 
part both when the variable is supposed to vary con- 
tinuously and when it varies through a sequence of 
values. 


50. A variable approaches a number a as limit if for 
every positive number « there is a place among the 
values of the variable beyond which they all differ 
from\a by less than e. 
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51. The earliest application of the theory of limits that 
we meet is in connection with the ratio of incommen- 
surable lines. 


A B’ B 


Let AB be a line incommensurable with a given line 
a. We divide a into some number of equal parts, say 
n equal parts. If AB is shorter than a, we suppose 
that n is taken large enough so that one of the n equal 
parts of a is shorter than AB. 

One of these parts applied to AB will be contained 
in AB a certain number of times. Let it be contained 
m times, reaching to a point B’ and leaving a remainder 
B’B \ess than one of these parts. The line AB’ is 
commensurable with a, and its ratio to a is the rational 


m 
number —. 
n 


We repeat this process, each time dividing a into 
a larger number of parts. Each time the equal parts 
of a are smaller than before; and we can make them 
less than any given length by dividing a into a suffi- 
ciently large number of parts. 

The remainder B’B is always less than one of the 
equal parts of a, and, therefore, the remainder is a 
variable which approaches zero as limit. 

The line AB’ approaches AB as limit, and the ratio of 


AB’ to a, the rational number = is a variable which 
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approaches as limit the incommensurable ratio of AB 
to a. | 

In reality, we are simply forming a sequence of rational 
numbers in accordance with the theorem of Art. 33 
to represent the irrational number which is the ratio 
of AB to a. If the incommensurable lines are the 
side and diagonal of a square, we have the very ex- 
ample of that article. 


52. Certain things may be pointed out as not in- 
cluded in the above definition of limit. 

(1) It is not necessary that the variable shall be 
always less or always greater than the limit. 

Those who are familiar with continued fractions 
will recognize in the convergents a sequence of num- 
bers alternately less and greater than the number 
represented. We may say that the nth convergent 
is a variable approaching a limit, its values alter- 
nately less and greater than the limit. 

We shall have a similar illustration in Art. 71. 

(2) It is not necessary that the variable shall be 
always approaching the limit, each value nearer than 
any which precedes. 

In the case of the two incommensurable lines, we 
increase the number of parts into which a is divided, 
‘so that each part is made smaller. If the part is not 
made enough smaller to be contained one more time 
in AB, the line AB’ will be smaller and the remainder 
-B’B larger than before. In fact, if we let the values 
of n be the successive integers, we may find that our 
variables move away from their limits more frequently 
than they approach them. This is shown in the ex- 
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ample of Art. 33. We can avoid this by taking n 
each time so large that one of the n equal parts of a 
shall be less than the last remainder, but this is not 
necessary in order that the line AB’ shall approach AB 
and that the remainder shall approach zero as limit. 

(3) It is not necessary that the variable shall never 
equal its limit. 

This does not mean that in all cases a variable 
approaching a as limit will come finally to equal a, 
but that we are not to exclude by the definition certain 
cases where a is found among the values which the 
variable takes, or even certain cases where all of its 
values or all beyond a certain point are equal to a. 

We can form a sequence representing a in which 
the number a occurs an infinite number of times among 
the elements of the sequence, by taking any sequence 
that represents a and interpolating elements equal 
to a. Such a sequence taken by itself would be in 
no way distinguishable from a sequence in which the 
number represented does not occur. A variable whose 
values are the elements of such a sequence would 
serve as a variable having a for limit just as well as if 
the number a were not found among its values. 


53. We will change a little the illustration of the 
incommensurable lines. 

Let us suppose that a line a diminishes continuously 
to the limit zero, varying through all values in order 
from some given length, each value which it takes 
being less than any preceding but not equal to 
ZeYO. | 

If we apply a to a line AB as many times as it will 
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go, we shall usually get a line AB’ which is a multiple 
of a and a remainder B’B less than a. 

While the number of times that a is contained in 
AB remains the same, though a grows smaller, the 
line AB’ will be continuously decreasing and the 
line B’B will be continuously increasing. When a 
becomes just small enough to be contained one more 
time in AB the line AB’ will become the same as AB 
and there will be no remainder. Then, as a con- 
tinues to decrease, AB’ will again diminish continu- 
ously, and there will be a remainder increasing con- 
tinuously until a@ becomes small enough again to be 
contained in AB one more time without a remainder. 

The line AB’ and the remainder B’B are in this case 
variables which take the values AB and zero an infi- 
_ nite number of times, and which at all other.times are 
constantly moving away from these values. Yet they 
are variables approaching these values as limits; for, 
given any length, there is a point in the process beyond 
which they always differ from these limits by less 
than the given length. 

The following diagram represents the way in which 
these variables approach their limits. 
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54. There are certain things which are essential to 
an understanding of the Theory of Limits, and which 
should be emphasized. 

(1) It must be yossible not only to make the differ- 
ence between the variable and its limit less than any 
assigned positive number, but also to make it remain 
less than the assigned number. . 

(2) The ‘‘assigned positive number” * means every 
positive number, and the place beyond which the vari- 
able differs from its limit by less than the assigned 
number is not necessarily the same for two different 
numbers. Indeed, no one value of the variable differs 
from its limit by less than any number whatever unless 
it is equal to the limit itself. 

(3) We must distinguish between the question 
whether a variable approaches some given number as 
limit and the question whether the variable approaches 
a limit. In one case we have to consider the differ- 
ences between the given number and the values of 
the variable; in the other case we must first. determine 


* Sometimes the words ‘“‘however small’’ are added. It is not 
correct, however, to say of any number that it is a small number 
or that it is a large number. We can only say of two different ~ 
numbers that one is smaller than the other and that one is larger 
than the other. We must not think that our system contains, 
besides ordinary numbers, another class of numbers that are in- 
definitely small, and that the difference between a variable and its 
limit finally gets out of the region of ordinary numbers and into 
the region of these numbers. A variable approaching zero as 
limit is sometimes called an infinitesimal, but its values are not 
infinitesimal numbers; they are all ordinary numbers, like 2 or 4/3 
or +. We have used ¢ to denote every positive number, and when 
we might say ‘‘every positive number however large”’ (e.g., in 
Art, 19) we mean the same thingeand so we use the same symbol. 
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a number which we can then prove is the limit, or 
we must prove that there is no such number. 

Thus we prove, in particular, the two following 
theorems (see Arts. 37 and 40): 


Theorem.—/} a variable is constantly increasing and 1s 
always less than some fixed number M, the variable ap- 
proaches a limit, either M or some smaller number. 


Theorem.—A variable approaches a limit if for every 
e there 1s a place among its values beyond which they all 
differ from one another by less than «. 


55. In some of our text-books much stress is laid 
on what is called The Theorem of Limits: If two 
variables are constantly equal and approach limits 
their limits are equal. This only means that the same 
variable cannot approach as limit two different num- 
bers—that the variable determines the limit. In 
fact, the variable could never differ from both of two 
different numbers by less than a half of their difference 
(see Art. 28). 

In proving what is ‘called the ‘“incommensurable 
case’’ of certain propositions of geometry we have two 
incommensurable ratios which we wish to prove equal. 
We may do this by constructing for each a sequence 
of commensurable ratios as explained in Art: 51, every 
ratio in one sequence being the same rational number 
as the corresponding ratio in the other; that is, we 
construct a single sequence of rational numbers which 
represents both incommensurable ratios. Therefore, 
as a pee cannot represent two different numbers, 
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the two incommensurable ratios must be the same 
irrational number. In the language of limits we say 
that a single variable has both of these ratios for limit, 
and that these ratios are therefore equal, since a variable 
cannot have two different limits. However, if we de- 
fine the ratio of two incommensurable magnitudes as 
the irrational number which occupies the point of 
separation of all rational numbers into two classes, we 
can prove the proposition directly, making no use of 
sequences or of the theory of limits (see Art. 8). 


CHAPTER III 


SERIES 


I. CONVERGENCY OF SERIES 


56. A SERIES is a sequence written in. a form which 
presents the differences of successive elements as a suc- 
cession of terms. 

Suppose we have a sequence 


Q1 ag. .-+ Anweesy 
and put 
U1 = a1 
Ug =ag—-a4 
Un =An—An-1 

then 

a =U 

dg =U +U2g 


On =U, +U2e+ e 8U.° ° +Un 


and we express the sequence by writing 


Wy +Ue+ eet | + tye ° 4 ee 
65 
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This is called a series. The numbers wy te...Un... 
are called its terms. 
The sequence 


GL Fe en se Ogee cs 
written in the form of a series becomes 
ay + (a2—a1) + Soe a Ea ee chee tees 
The series 
Ut Uo es ce ot tin tee 
written in the form of a sequence becomes 
Ue Rit Ae ty Ut ae ot ae omens 


Since the nth element of the sequence is the sum of 
the first n terms of the series, it will often be conve- 
nient to write this s,. Thus we shall say that the series 


Uy +U2g+ e # e +Un+ eee 


is the same as the sequence 


S1 $2 e e e Sn eee 9 
where 


A series is convergent when the corresponding se- 
quence represents a number, and this number is called 
the value of the series, 
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For example, the sequence 


i 2 Le eee 
Se, a nm+1°°° 
is the same as the series 
AP ee eae ets Ket 
oe ee ete ee 


The sequence represents 1 (p. 37); therefore the series 
is convergent and its value is 1. 
A series which is not convergent is divergent. 


57. Theorem.—The geometrical series 
GOT pert. Or ta, 
is convergent when r is numerically less than 1, and its 
ee ae 
value %&——. 
TAA 


Proof.—The sum of the first n terms is 


a—ar” 
1-—r~ 


That is, the series is the same as the sequence 


The difference between the nth element of this sequence 


68 SERIES 


and the number = is the numerical value of the 


fraction 
1-—r 


There is a place among the powers of r beyond which 
they are all numerically less than ¢’, e’ being any given 
positive number. By taking ¢’ so that 


a <e, 


Pete 
1-—r 
that is, so that 
1—r 


b] 


<, 


we have a place in the sequence beyond which its ele- 


ments all differ from as by less than «. 


58. Theorem.—/} a series 1s convergent, its terms them- 
selves form a sequence equal to zero. 


Proof.—In a sequence which represents a number 
and so.is regular, there is a place for each e¢ beyond 
which all the elements differ from each other by less 
than «. Now the terms of the series are the differ- 
ences of successive elements of the corresponding 
sequence. Therefore if the series is convergent, there 
is for each ¢ a place in the series beyond which all the 
terms are numerically less than «. 
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The converse is not necessarily true. For an exam- 
ple see Art. 61. 


59. Theorem.—/} a series is convergent, then for every 
e there 1s a place in the serves beyond which any sum of 
successive terms is less than «: 


- Proof.—Any sum of successive terms is the difference 
between some two elements of the sequence; and if the 
sequence represents a number and so is regular, there 
‘is a place beyond which any two elements differ by 
less than «. 


Thus if the series is 


% 


Uy +Ug+ ee e +Unt oo e g 
and the corresponding sequence 


Dy ee eS a 
the sum of p successive terms beginning with the 
(n+1)th will be 


UnziytUneoat . - - £Un+p=Snt+p—Sn- 


60. Theorem.—Conversely, a serves 1s convergent if for 
every « there is a place in the series beyond which every 
sum of successive terms 1s less than e. 


Proof.—Every difference of elements of the corre- 
sponding sequence is a sum of successive terms of the 
series; anc if for every ¢ there is a place beyond which 


70 SERIES 


these differences are all less than ¢, the sequence is 
regular and the series convergent. 


61. Theorem.—The series 


as not convergent. 


Proof.—The sum of p successive terms beginning with 
the (1+1)th is 


The last of these being the smallest, their sum is greater 


than uaa Therefore for a value of ¢ less than i; 


N+ Dp 
there is no place in the series beyond whjch every 
sum of successive terms is less than «. For example, 
whatever the value of n, if we take p greater than n 
Fs 7 greater than = 
If we take two or more terms of this series, and 
then take as many more, we shall increase what we 


we shall have 


had obtained before by more than > If we take as 


many more as we have now, we shall again increase 


Tht eae are ae 
what we have by more than >: Since there is no limit 


to the number of times this may be done, there is no 
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limit to the number which we may obtain by taking 
a sufficient number of terms of this series. 
This series is called the harmonic series. 


62. Theorem.—A series is convergent if the series 
formed by taking the numerical values of rts terms is 
convergent. 


Proof.—The sum of any number of successive terms 
is numerically equal to or less than the sum of the 
numerical values of these terms. Since the series of 
numerical values is convergent, there is a place in 
it beyond which any sum of successive terms is less 
than «. The same must be true of the given series, 
and the given series is convergent. 


This theorem may also be stated as follows: 


Theorem.—/} a series of positive terms is convergent, 
at will remain so after the signs of any portion of its terms 
have been changed. 


Another proof will be given on page 89. 

A series which remains convergent when we replace its 
terms by their numerical values is called an absolutely 
convergent series. 

A convergent series which becomes divergent when its 
terms are replaced by their numerical values is called 
a semi-convergent series. 


Cor.—An absolutely convergent series is numerically 
equal to or less than the series of numerical values 
of its terms. 
ay the sum of its first n terms is numerically equal 
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to or less than the sum of their numerical values (see 
Art. 36). 


63. Theorem.—IJt does not affect the convergence of a 
series to change any finite number of rts terms. 


Proof.—If the nth term of the series is the last term 
changed, all the elements of the sequence beyond the 
- nth, containing as they do the first n terms, are increased 
or diminished by the same quantity, and their differ- 
ences, which alone determine whether the sequence is 
regular, are not changed. 


Thus many of our theorems will be true when the 
conditions do not hold throughout the series, but er 
beyond a certain place. 


64, Theorem.—A series of positive terms ts convergent 
aif the elements of the corresponding sequence are all less 
than some fixed number M. 


Proof.—In a series of positive terms each element 
of the corresponding sequence is greater than the 
preceding. If, then, each element is also less than M, 
the sequence represents a number equal to M or less 
than M (Art. 37). 

In other words, if the sum of the first n terms of a 
series of positive terms is less than some number M, 
the same for all values of n, the series is convergent. 


-Cor.—If a series of positive terms is not convergent, 
then for every « there is a place in the corresponding 
sequence beyond which all the elements are greater 
than «. | 
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Such a series may especially be called a divergent 
series, but we usually call any series divergent which 
is not convergent. 


65. Theorem.—T'he series 


1 1 
ea say ieee ee 


1s convergent when p is any number greater than 1. 


Proof.—Let s, denote the sum of the first n terms 
of this series; that is, let the corresponding sequence be 


Sj S92 ® e ° Sn ° e e ° 


The sum of m terms beginning with the mth is 


1 | 
82m—1—Sm—1 = ey: * (m—1)" 
The first of these terms is the largest. Therefore 
1 | 
mp1" 
Putting m=2; 4, 8,..., we have 


' ; m 
their sum is less than = or 


1 


: 63, 61 ot rarer 


i 
Ze 

1 1 a = 
87<83t+q5-<lt+sat Dp—l ,) 


1 Tey Fein ie 
ect +3p-1+ (apa +) 


etc. 
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If n<2", sn is less than the sum of the first r terms of 
the geometrical series 


1 Cae | 
I+55-1+ Pack +(s=1) ae 


which is convergent, p being greater than 1. What- 
ever the value of n, we can take rso that 2’>n 
(Art. 19); and, therefore, for all values of n, s, is less 
than the value of this geometrical series, namely, 


This is a fixed number, and the given series, being 
a series of positive terms, is convergent. 


66. Theorem.—I] a series of positive terms is conver- 
gent, the sum of any terms selected jrom it rs less than the 
value of the series. 


Proof.—Let u, be the last of those selected, and s, 
the sum of the first n terms. The terms selected 
are all included in s, and their sum is equal to or less 
than s,. But s, is less than the number represented 
by the series (see proof on page 45). Therefore the 
sum of the terms selected is less than the value of the © 
series. 


_ 67. Theorem.—I} a series of positive terms ts conver- 
gent, any series formed by taking a part of tts terms ts 
convergent. 
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Proof.——The first n terms of such a series are found 
somewhere in the original series, and their sum is less 
than the value of the original series. Therefore, as 
the sum of the first n terms is less than a certain fixed 
number, the series is convergent. 

By virtue of Art. 62 the theorem may be stated as 
follows: 


Theorem.—I? a series is absolutely convergent, any 
series formed by taking a part of us terms is absolutely 
convergent. : 


Cor.—If a series of positive terms is convergent, 
or if a series is absolutely convergent, there is a place 
beyond which the sum of any terms selected from 
it, or the value of any series formed by taking a part 
of its terms, is numerically less than e. 


Proof.—The series formed by omitting the first n 
terms of a convergent series 1s equal to the difference 
between the nth element of the corresponding sequence 
and the number which the sequence represents, and 
there is a place beyond which this difference is less 
than «. When a series is absolutely convergent this 
is true of the series of numerical values of its terms, 
~ and there is a place beyond which the remainder series, 
the sum of any -terms selected from it, or any series 
formed by taking a part of its terms, will have a value 
numerically less than e«. 


68. Theorem.—I7 the terms of a series of positive terms 
| pees to or less than the corresponding terms of another 
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sertes of positive terms which vs convergent, then the given 
series 1s convergent. 


Proof.—The sum of the first n terms of the given 
series is equal to or less than the sum of the first n 
terms of the series which is convergent, and there- 
fore less than the value of the latter series. That 
is, we have a series of positive terms, and the sum 
of the first n terms is less than a certain fixed num- 
ber. Hence the series is convergent. 


Cor.—If the terms of a series of positive terms are 
equal to or greater than the corresponding terms of 
another series of positive terms which is divergent, 
the given series is divergent. | 

For if the given series were convergent, the other 
series would be convergent by the theorem. 


The theorem and corollary are true whenever there 
is a place in the series beyond which the conditions are 
satisfied (Art. 63). 


In most cases we determine the convergence of a 
series by comparing it with other series. Two of the 
simplest series for purposes of comparison are the 
series 

eeeHeg cba) 
Dt art reemeee 
which is divergent, and the series 


1 1 


Tabet eo ag ee ners 


which is convergent. 
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By virtue of Art. 62 the theorem may also be stated 
as follows: 


Theorem.—I} in any series there is a place beyond 
‘which the terms are numerically equal to or less than the 
corresponding terms of another serves which is absolutely. 
convergent, the given series is absolutely convergent. 


69. Theorem.—T he serves 


1 


1 
Bs oe ey es 
NP 


2p 
is divergent jor any value of p equal to or less than 1. 


Proof.—When p=1 the series is the harmonic series 
already proved divergent, and when p<1, whether 
positive or negative, all the terms of the series are 
greater than the corresponding terms of the harmonic 
series, except the first, which is the same in the two 
series. 


70. Theorem.—A series of positive terms is convergent 
if the ratio of each term to the preceding is less than 
some fixed positive number which is rtself less than 1. 


Proof.—Let the series be 
(Ee re nee aaa al a Br 
with all of its terms positive, and suppose we have 


EA dota Ta 
U4 U2 


< e . . 
ES es ’ 


_where r is a fixed number less than 1. 
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Multiplying together the corresponding members of 
the first n—1 of these inequalities (Art. 16, Cor.), we 
have 


LO a ee Lee, eynnl 
U1 e e e Un-1 A 
U 
or cn, 
U1 


whence, since wu; is positive, 


The terms of our series are, therefore, less than 
the corresponding terms of the geometrical series 


UN Mim eee a CE Rea oe 


except that the first terms are the same in the two 
series. The latter series is convergent, since r<1; 
therefore the given series is convergent. 

By virtue of Arts. 62 and 63 the theorem may be 
stated as follows: 


Theorem.—/} in any series there 1s a place beyond 
which the ratio of each term to the preceding is numer- 
ically less than some fixed number which rs rtself less 
than 1, the series 1s absolutely convergent. 


Cor.—If in the series 


Upset et ee 
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the sequence of ratios 


Uz, Ue an Un—1 


represents a number numerically less than 1, the series 
is absolutely convergent. 


Proof.—Let 1 be the numerical value of the number 
which this sequence represents, and let r be a num- 
ber between / and 1. Since r>l there is a place in 
this sequence beyond which its elements are numer- 
ically less than r (Art. 35). Therefore, by the preceding 
statement of the theorem, the series is absolutely con- 
vergent. 


71. Theorem.—/} the terms oj a series are alternately 
positive and negative and each 1s numerically less than the 
preceding, and af they form a sequence aqunt to zero, the 


series 1s convergent. 
_ Proof—Let the series be 
Mey ae UG oo aes Unt on oe «uy 
and the corresponding sequence 
Seo (NR ees teh en OO 1 COON ts 6 ves 
The elements of the sequence are alternately less 


and greater each than the preceding, but when we sub- 
tract. a number wu we then add a smaller number, and 
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when we add a number wu we then subtract a smaller 
number. Thus each element of the sequence lies be- 
tween the preceding two, and between any two suc- 
cessive elements of the sequence lie ail that follow. 

Now the difference between any two successive ele- 
ments of the sequence is a term of the series, and from 
the last part of our hypothesis it follows that there 
are terms of the series numerically less than «. Hence 
there is a place in the sequence beyond which the 
elements differ from each other by less than «, and the 
sequence is regular. 


Another proof is given on page 83. 


The odd-numbered elements of the sequence form by 
themselves a sequence of elements each less than the 
preceding and greater than any one of the even-numbered 
elements of the sequence, and the even-numbered 
elements of the sequence form by themselves a se- 
quence of elements each greater than the preceding and 
less than any one of the odd-numbered elements. 
This would be true, and the two sequences would be 
convergent, even if the terms of the series did not 
form a sequence equal to zero, but the two sequences 
would then represent different numbers. © 


Cor.——The value of the series of the theorem lies 
between any two successive elements of the sequence; 
thus the sum of any number of terms from the begin- 
ning differs from the value of the series by less than 
the next term. 
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An example is the series 


a ee ay al. 
Ti 8 ghee wee Grn eoraum pare gets? 

By virtue of Art. 63 the theorem and corollary may 
be stated as follows: 


Theorem.—/} there 1s a place in a series beyond which 
the terms are alternately posite and negative, each term 
less than the preceding, and vf the terms form a sc 
equal to zero, the serves 1s convergent. 


Cor.—The value of the series lies between any two 
successive elements of the sequence beyond the place 
where the conditions of the theorem become true. 


II. OPERATIONS UPON SERIES 


72. Theorem.—/j a series 1s convergent, its terms may 
be grouped in parentheses in any manner without destroy- 
ing its convergence or changing its value. 


Proof.—This is the same as omitting elements from 
the corresponding sequence (Art. 41). 


73. Theorem.—When the terms of a convergent series 
are grouped in parentheses it does not change its value to 
remove the parentheses. 


Proof.—This 1s but another way of stating the pre- 
ceding theorem. 


OM 
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Removing the parentheses is the same as interpolating 
elements in the corresponding sequence. 


In particular, if a series of parentheses is convergent 
we may remove the parentheses 

(1) When all the terms in each parenthesis have 
the same sign, or 

(2) When the number of terms in each parenthesis is 
less than some fixed number and the terms of the new 
series form a sequence equal to zero. 


Proof.—Let m be the number of terms of the series 
of parentheses included entirely in the first n terms of 
the new series. That is, the first n terms of the new 
series include all of the terms of the first m parentheses 
and perhaps some of the terms from the next parenthesis. 

The sum of the first n terms of the new series will 
differ from the sum of the first m parentheses by zero or 
by a sum of terms from the (m+1)th parenthesis. 

Now, in case (1), there is a place in the series of 
parentheses beyond which they are numerically less 


than = and any sum of terms from a single parenthesis, 
being equal to or less than the entire parenthesis, will 


be less than = 

Again, in case (2), where the number of terms in 
each parenthesis is less than a fixed number, say 7, 
since the terms form a sequence equal to zero, there is 
a place beyond which they are numerically less than 


€ : 
s~, and beyond which, therefore, any sum of terms. 


2p 
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from a single parenthesis will be numerically less 

& 

than 3 
Thus, in either case, there is a place beyond which 
we can say that the sum of the first n terms of the new 
series differs from the sum of the first m terms of the 
_ series of parentheses by less than = But as the series 
of parentheses is convergent there is a place beyond 
which we can say that the sum of its first m terms 


differs from the value of the series by less than . 
Beyond the farther of these two places we can say 
that the sum of the first » terms of the new series 
differs from the value of the series of parentheses by 
less than «. 


As an illustration we may give the following proof 
of the theorem of Art. 71: 
The series 


(uy—Us) +... +(Uen-1—Uan) + .. 


is a series of positive terms. The sum of its first n 
terms may be written 


Uy — (Ua— Us) ee (U2n—2—U2n—1) —Ueny 


where the expression in any parenthesis represents a 
positive number. Hence this sum is less than the 
fixed number wu; and the series of parentheses is con- 
vergent, 


\ 
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Now, if the u’s form a sequence equal to zero, the 
parentheses may be removed by the second case above. 
Therefore the given series 1s convergent. 


74. Theorem.—The series formed by adding the corre- 
sponding terms of two convergent series 1s convergent and 
equal to the sum of their values; and the series formed by 
subtracting the terms of one convergent series from the cor- 
responding terms of a second convergent series ts conver- 
gent, and its value vs the difference obtained by subtracting 
the value of the first serves from the value of the second. 


Proof.—This is the same as adding or subtracting the 
corresponding elements of two regular sequences; the 
resulting sequence represents the sum or difference 
of the numbers represented by the two sequences. 


We may group the terms of two convergent series in 
parentheses in any manner and after adding or sub- 
tracting remove the parentheses, and the resulting series 
will still be convergent and represent the sum or differ- 
ence of the two given series. : 

For the sum of any number of terms of the final 
series will differ from the sum of a certain number of 
terms before the parentheses are removed by zero or by 
a sum of terms from a single parenthesis. But the sum 
of terms from a single parenthesis here is in any case 
the sum of a certain number of successive terms from 
one or the other of the original series, and there is a 
place in each of the original series beyond which any 
such sum of terms is numerically less than ¢. There- 
fore we may remove the parentheses, as in the second 
case considered in the last article. 
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Cor.—If we combine by addition or subtraction a 
convergent and a divergent series, the resulting series 
will be divergent. 

For that one of the two series which is divergent 
could be obtained by combining the resulting series with 
the other given series, and if the resulting series were 
convergent, we should have a divergent series as the 
difference or sum of two convergent series, which is 
contrary to the theorem. 


75. Theorem.—/} a series 1s convergent and equal to a 
number S, the series formed by multrplying all of rts terms 
by a number m will be convergent and equal to mS. 


Proof.—This is the same as multiplying together two 
sequences, one representing S and the other composed 
of elements all equal to m. 


Cor.—A convergent series equal to S becomes a con- 
vergent series equal to —S if we change the signs of 
all of its terms. 


76. Theorem.—/} a series of positive terms is conver- 
gent, the series will be convergent which we form when we 
multiply its terms by the corresponding elements oj a 
sequence of positive numbers all less than some positive 
number m. 


Proof.—The sum of n terms of the new series will 
be less than the sum of n terms of a series formed by 
multiplying the terms of the original series by m, and 
so less than mS, where S is the value of the original 
oe Therefore the new series will be convergent, 
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By virtue of Art. 62 we may state the theorem as 
follows: 


Theorem.—/} a series 1s absolutely convergent, the series 
will be absolutely convergent which we get when we multi- 
oly its terms by the corresponding elements of a sequence 
of numbers all numerically less than some fixed num- 
ber m. 


Cor.—An absolutely convergent series will remain so 
if we multiply its terms by the-corresponding elements 
of a regular sequence. 


77. Theorem.—/] two series are absolutely convergent, a 
serves can be formed by multiplying every term of one 
with every term of the other that will be absolutely con- 
vergent and will equal the product of the values of the 
given series. 


Proof.—Let the two series be 
Ea mil mie exe es ak! es ee ee, 
and Wmtvet ... tint ..., 
and let the corresponding sequences be 
Oj 0b. ee 
and bye bos) aD a, wees 
The product of these sequences is the sequence 


(yb ys 0s 0 Ona 
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and this is equivalent to the series whose successive 
terms are 


a1b; debe — ab mwa Anbn—An—-10n-1 pecs 
that is, to the series 


U1V1 + (U1V2+U201 +U2Vv2g) + eye: fa 
+ (Un tU2n +t . ~~ +Un—_1U1n 
(a) +UnVi+Undat . . . FUnVn-1 _ 
tina) ba ae. 


Now the series of numerical values 
[ua|tiue}t... +lunj+... 
and Por bee pa fae awh On| Peas 


are equivalent to two sequences which we will write 


/ / 


ay (ae ale 


and Ui ta Uideewn Uns eo oe 
The product is the sequence 

Gi Ue (08 Ue ndsa tan Drie totes 
equivalent to the series 


[usvr|+(\urve| +] uvr|+|uere|)+ .. 3 


+ (|u| + |u| + 5 cio +|Un—10n| 
(a’) +|und1|+lunvel+ . . . +]unrn—r| 
+|Unin|)+ . 


| 
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In the series (a’) all the terms in any parenthesis 
have the same sign. Therefore the parentheses may 
be removed without destroying its convergence or 
changing its value. 

The following series is, therefore, convergent: 


| u1v1|+| uve] + |uevr1|+|ueve|+ ... 
(a) +|uivn|t+|uen)+... 
+|Undilt ... +[Undnl+.... 


The terms of (@’) are the numerical values of the 
terms of the series . 


U1V1 £UjV2+Uedvy +UegVet ... 
(2) +FU1Vn U2 + ose 
Unit 6 ate. SUR a ee 


The series (@) is, then, absolutely convergent. Its 
value is not changed if we group the terms in any man- 
ner, for example, in the manner of the series (a). The 
value of the series (@) is, therefore, the same as that of 
the series (a); it is the product of the values of the 
two given series. 


The series (a) represents the product of two given 
series when they are convergent, even if they are not 
both absolutely convergent. 
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III. ABsoLuTE CONVERGENCE 


78. We have proved that a convergent series of 
positive terms will remain convergent after the signs 
of any portion of its terms have been changed (Art. €2). 
We may also prove this theorem as follows: 

The terms which are not changed form by them- 
selves a convergent series, and the terms which are 
changed form by themselves a convergent series (Art. 
67). The original series is the sum of these two series, 
and the new series is formed by subtracting the second 
from the first. 


79. Theorem.—I/n a semi-convergent series the positive 
terms taken by themselves form a divergent series and the 
negative terms taken by themselves form a divergent series. 


Proof.—If the two part-series were both convergent, 
the series formed by taking all the terms with positive 
sign would be convergent and would be equal to 
the sum of the numerical values of the two series. 

If one of the part-series were convergent and the 
other divergent, the given series, formed by taking 
them with positive and negative signs, respectively, 
would be divergent (Art. 74, Cor.), which is contrar 
to the hypothesis that the given series is converge) 

Therefore both part-series must be divergent. 


80. Theorem.—I/ in each of two divergent series of 
positive terms the terms themselves form a sequence equal 
to zero, the two series may be put together, one with positive 
signs and the other with negative signs, in such a manner 
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as to form a semi-convergent series equal to any given 
number M. 


Proof.—We may, for example, take just enough 
positive terms from one series to make more than M, 
then just enough negative terms from the other series 
to make less than M, then just enough positive terms 
from the first series again to make more than M, and 
so on (Art. 64, Cor.). The result at each stage will 
differ from M by an amount equal to or less than 
the larger of the last terms taken from the two series. 
Therefore the series so formed will equal M. 


Although it might be quite impossible to write down 
a formula for the nth term of the resulting series, the 
term in each place is determined by the above process. 


When two series contain the same terms in different 
orders, every term of one being found somewhere in 
the other, one series is said to be obtained from. the 
other by changing the order of its terms. This 
does not mean a change of order like that referred 
to on page 36. In any change in the order of the 
terms, the terms in the new arrangement must still 
form a sequence, each term having a definite numbered 
position with only a finite number of terms coming 
before it. 

In the proof of the theorem the order of the terms 
in each of the two given series is supposed to be un- 
changed. But a divergent series of positive terms 
can never become convergent by a change in the order _ 
of its terms (see next theorem), and therefore it is not 
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necessary to suppose the order of the terms in the 
two given series to be unchanged. 


Cor.—A semi-convergent series may be made to 
take any value M, by properly changing the order 
of its terms. 

For examples see Art. 83. 


81. Theorem.—We may change the order of terms in 
an absotulely convergent series in any manner without de- 
stroying its convergence or changing tts value. 


Proof.—First let all the terms of the series be posi- 
tive, and let S be its value. If we form a new series 
by changing the order of its terms, the first n terms 
of the new series will be found somewhere in the origi- 
nal series, and their sum will be less than S (Art. 66). 
The new series is, then, convergent, and its value, 
say S’, is equal to or less than S. 

But we may obtain the original series from the new 
series by changing the order of its terms. Thus S 
must also be equal to or less than 8’. Both of these 
conditions can only be true if S and S’ are equal. There- 
fore any change in the order of terms of a convergent 
series of positive terms. does not change its conver- 
gence or its value. 

Now an absolutely convergent series of positive and 
negative terms is equal to the difference of two con- 
vergent series of positive terms. Any change in the 
order of its terms may produce a change in the 
order cf the terms of one or both of these two series, 
but such a change does not affect their convergence 
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or their values. Therefore the new series is convergent 
and its value is the same as that of the original series. 


The expression “‘ conditional convergence”’ is some- 


times used with reference to the relation which the 
order of the terms of a series has to its convergence 
and value. A series which is convergent and has the 
same value whatever the order of its terms is uncon- 
ditionally convergent. A series which sometimes loses 
its convergence, or at least changes its value when 
the order of its terms is changed, is conditionally con- 
vergent. 


82. The product of two absolutely convergent. series 
as given in Art. 77 is an absolutely convergent series, 
and its terms may be written in any order. One arrange- 
ment which is often useful is obtained by putting in 
succession those terms for which the sum of the subscripts 
of wu and v is the same number. 

That is, the two given series being 


Uj tUet. . . £Unt’.. 
and Mtvet ... tint... 


aL. 
both absolutely convergent, their product may be 
written 


UzVy EUpVe HUQV1 £U1V3 +U2V2 +U3V1 + . . « © 


Any number of absolutely convergent series may be 
multiplied together in the same way. The product — 
forms an absolutely convergent series whose terms 
may be arranged in any order. 
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83. Hxamples of changes in the order of terms of 
semi-convergent series. 

First we will consider some cases where there is no 
change in the order of the positive terms among them- 
selves or of the negative terms among themselves, but 
only in the order in which they are put together. 


Take the series 


1 f 


1 
J——=+... 45. --— +... . 
/2 /In-1 VW2n 


(Arts. 69 and 71). 


Let s, denote the sum of the first n terms and S the 
value of this series, and let s,’ denote the sum of the 
first n terms when the series is arranged in some other 
. order. 

Let n’ denote the number of positive terms and n 
_ the number of negative terms in the first n’+n terms 
of the new arrangement. The values of n’ and n are 
determined for each value of n’ +n. 

In s’4n the positive terms are 


1 1 
1 a + ‘ear be aa gy ere) 
ey 3 V/ In’ —1 
and the negative terms 
Barger — 
JSD A V2n 


If n’>n, sey will contain all of these terms and in 


\ 
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addition the negative terms 


1 it 
Sure) ~ 4 eons 
Hence 
; 1 1 
Raman 75 ae ena: "ons 


These terms are n’—n in number. They are all 
ae 


1 hy : n'—n 
less than —— and their sumis less than ———. The 


/ Qn V/ Qn 


smallest of these terms is the last, and their sum is 


greater than (Serret) 


n’—n 
VS 2n! 
Suppose, for example, 
n—nsVan and <V/an+l, 


a being some positive number. Then 


ha dn | = ae 
Vn  /In 2. A Mie 


and 
v= Van AE Ria 
JV 9n! > /int  N2° Na? 
or, as n’<n+1+Van, 


n'—n a i n la 1 

—> a. | =. 6 
VS On!” N22 Nn+14+Van 2 1 a 
1tot,/% 
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That is, 


aed 
S n't n —S82n' < en 
and 


1 
= 
1 
J 1 meee 
n n 
Both of these expressions, for integer values of n, form 


sequences representing <E Therefore the sequence of 


s’’s is regular and its value is 


rowed 
seg ele 


If a=2, corresponding values of n and n’ are 


PROG aed (eat te Oe 
Oo 108-1 Aad ae 


Rie it ake yal ace 
BEATS 5 Vai SA VD 

Mii 6 a 
=S+1. 


Again, take the series 


1 1 
1—54 


9 Binet sea, hg Se 
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Using the same notation, if we suppose, for example, 
n’—nSan and <an+l, 


where a is some positive number, we shall find that 


S' ES+5 and EE Siri 


With this particular series we may proceed also as 
follows: 


Write 
Fis tte 
an= Tat 5 aan 
elo 1 
Then if ao Pia : Ton? 
LS ut ee 
hove reat Qn—1? 
and Son =Q2n—Qn. 


Suppose we change the order, taking two positive 
terms and then one negative term. We have the series 


A ped ee 
rESertuicasr 


In s’3, there are 2n positive terms and n negative 


- 
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terms. Therefore 


1 
=(Q4n—Qan) + 3 (an —Qn) 
di 


2 


Here are three sequences, 


Sar. Sa" S'3n-<-. . representing S’, 

$4 8g e e-e San ee ay S, 

1 1 1 1 
and 382 584 » 5520 S 35s 


and the value of the new series is 
es 
S’=8S +58 =95. (See Arts. 41 and 44.) 
(Harkness and Morley) 


If we take one positive and two negative terms we 
have the series 


,1_1,1 1 
3 4°38 96-8 


and we shall find S’ =58 In fact the series may be 
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Eris oie Fare a? 
=a aa Sire (Laurent) 


No] 


One positive term taken with four negative terms 
will give a series 


equal to zero. 


Now, with the terms of the same series alternately 
positive and negative, change the order of the negative 
terms among themselves, taking first a fraction whose 
denominator is not divisible by 4 and then two frac- 
tions whose denominators are divisible by 4. This 
change produces the series 


Aree 
eet 
and the sum of the first 6n terms is 


P an\) 1 Cn vee 
S 6n = Bt Day aa C2 ~ 4 an 


if 1 
os (en —Q3n) +5 (an oma Aen) — Geen =— Gn): 


The first parenthesis is equal to sgn. The rest may be 
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written 

i pane ere 2 

Alon 1 2nt2 °° °° *3n 
5 lee i 
BE Tet ie ature 7! 


_ Every other term in the first line is cancelled by a 
term in the second line. Letting n be odd, there is left 


1 ys 2 2, 
ll eae oe meee esis 13, | 
2 2 2 
B0tl 8n+3 0 °° * ae 
nN 1 1 
i Gane ah Sera 


Here the number of terms in the brackets is "S : 


The first is the largest and the last the smallest. There- 
fore this expression is 


n(n +1) n+I1 
<4(Qn+1)(8n+1 ~ 24n’ 
n(n +1) 1 
and Z 4.3n.4n 43° 
It follows that 
p=94— and Shh (Art..36) 
<S+54 43° . 


CHAPTER IV 
POWER SERIES 


I. Tue Raprus or CONVERGENCE 


84. A power series is a series whose terms contain 
as factors the successive powers of some number. 
A power series is a series written in the form 


Ujtuet+... +Uptr at , ite 
An example is the geometrical series 
Od eee bt ee eee 


This is absolutely convergent if x is any number numer- 
ically less than 1. 


85. Theorem.—/} the serves 
Uy Fete. aS ee 


vs convergent for a particular value of x, it 1s absolutely 
convergent for any value of x numerically less. 


Proof.—Let x; be a particular value of x for which 
the series is convergent, and let x be some number 
numerically less. : 

100 
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The geometrical series 


Oy the 1 


ie 
1 eis ae a eke x 


i ie 


ee » . wv ° e 
is absolutely convergent, since Zs numerically less 
_ 1 


_ than 1. This series will still be absolutely convergent 
if we multiply its terms respectively by 


U1 U2X1 e e e Use —l PE oe ) 


numbers which form a sequence equal to zero, since 
they are the terms of the given series when z has the 
particular value for which by hypothesis the series 
is convergent (Art. 76, Cor.). 

Therefore the series 


Uy tuUstt 2... HUpe™ t+ 13 


is absolutely convergent, x being numerically less 
than V1. 


Cor.—If a power series is divergent for a particular 
value of x, it is divergent for any value of x numer- 
ically greater. 

For if there were some value of x numerically greater 
for which the given series was convergent, it would also 
be convergent for the given value of x, for which by 
hypothesis it is divergent. 


86. Theorem.—/} a power series 1s convergent for some 
particular value of x and divergent for another value of x, 
there is a positive number r such that the series is abso- 
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lutely convergent jor all values of x numerically less than 
r and divergent for all values of x numerically greater 
than r. 


Proof.—The series is always convergent or divergent, 
and if it is convergent for a value of x, a, and diver- 
gent for another value of x, b, then a is numerically 
less than b unless they are positive and negative num- 
bers numerically equal. We can separate all numbers 
into two classes, putting into the first class all nega- 
tive: numbers and all positive numbers for which the 
series is convergent, and into the second class all posi- 
tive numbers for which the series is divergent. The 
number determined by this separation is the number r. 

The number r is called the radius of convergence. 

If a series has a radius of convergence r it may be 
absolutely convergent or semi-convergent or divergent 
fone =-7, Or t= — 7. 

If a series has no radius of convergence it is either 
absolutely convergent for all values of x or divergent 
for all values of x except «=0. : 

For the geometrical series the radius of convergence 
is 1, and the series is divergent when x=1 and when 
x=—1. 

For other examples see Art. 88. 


87. Theorem.—Given the series 
U4 +U9rt + eee Une 1+ eee 9 
af the sequence 


U2 Uz Un 
U4 Us etd ve Bases * @¢ @ 
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represents a number a, then the serves has a radius of con- 
vergence equal to the reciprocal of the numerical value of a. 


Proof.—The ratios of the terms of the series, each 
to the preceding, form the sequence 


U4 Us e e . dias 1 e e e 


representing the number ax. This number is numerically 
less than 1, and the series is absolutely convergent, if — 


1 
lel <Tar 


On the other hand, if 


el> ray 
fal 


the terms of the series will not form a sequence equal 
to zero and the series will not be convergent. 


88. Examples. 
(1) The series 


x x 
’ ltat+ 5+ oe @ +—+ eee 
nN 


has 1 for radius of convergence. For x=1 the series 
is \divergent, being the harmonic series; for x=—1 
it is semi-convergent. 


104 SERIES 


(2) The series 


2 


2 
[iota .. eee aT ee ee 
| Me 


has no radius of convergence. It is absolutely con- 
vergent whatever the value of xz. In fact, the ratio 


of the (n+1)th term to the preceding is = and for — 


different values of n this fraction will form a sequence 
equal to zero whatever the value of z. 
(3) The series 


ee le ees i CeCe 


has no radius of convergence. It is divergent for all 
values of x except zero. 
(4) The series 


14d Got? ae la 5, On ee ee 


where c,=/p and, in general, 


ap) epee 
Cn = In a5 


has 1 for radius of convergence except when 7 is zero 
or a positive integer. The ratio of coefficients is 
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and for different values of n this forms a sequence 
equal to —1. 

When x=1 or —1 the convergence depends on the © 
value of p. 


89. Theorem.—I/} each of two power series has a radius 
of convergence or is convergent for all values of x, their 
product can be written as a power series; this will be 
absolutely convergent for any value of x which makes both 
of the given series absolutely convergent. 


Proof.—If the series are 


Ur tUuet+ 2... £Uner t+... 


and Og ae a. Digi ae Mars 
the product will be 


UV, + (UyVq + Ug, )x+ se 
+(U1VntUQn—pt .. ) HUnd})e™ 14+ 2... 
(Art. 82) 


Any number of power series may be multiplied 
together if each has a radius of convergence or is con- 
vergent for all values of x, and the product series will 
be absolutely convergent for any value of x which 
makes all the given series absolutely convergent. 


90. Theorem.—/} the series 


Uy -f- U2 tL ° ° . + Unt —E te e . ° 


18 \convergent for a value of x whose numerical value is o, 
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then there ts a positive number M such that for all values 
of n 


M 
| 2 | ee 
? 


Proof.—For the given value of x the terms of the 
series form a sequence equal to zero and are all numer- 
ically less than a certain positive number M. Hence 


|un lor? <M, 
or 


M 
| un|< aay 
0 


91. Theorem.—Conversely, if there are two positive 
numbers M and p such that for all values of n 


M 
[ar 
0 


then for any value of x numerically less than p the power 
series 1s absolutely convergent and has a value which is 
numerically less than 


Mo 
pai 


_ Proof.—The terms of the power series are numerically 
less than the corresponding terms of the geometrical 
series 


M|\x| M|a|7- 
pote. 4+ 


M on =i 
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which equals 


~when |z|<p. Therefore, when |z|<p, the given series 
is absolutely convergent and its value is numerically less 


he ptlae (see Art. 68). 
po 
The series 
M M n—1 
Mt 7 ies — Stet 


is a series of comparison for the given series. 


Cor.—If w is zero, that is, if a power series begins 
with a term in x or some power of x, and if there are 
two positive numbers M and o such that for all values 
of n greater than 1 the coefficient of x”~ is numerically 


less than then for values of x numerically less 


n—l? 


than o the value of the series is numerically less than 


M\z| 
p—|2x| 


For the terms of the series are numerically less 
than the corresponding terms of the series 


M\c| M\x|n-1 
Sb aaa iit -+ ° ° ° a ed ge ° e ° 5] 
p Le 
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which equals ee 


Il. ‘© UNDETERMINED COEFFICIENTS ” 


92. Theorem.—A power series having a radius of con- 
vergence or convergent jor all values of x cannot equal 
zero for values of x forming a sequence equal to zero 
but not themselves zero. | 


Proof.—As we may suppose some of the coefficients 
zero we will write the series 


ROE oa a gee CB GPR ae ne 
where p is zero or a positive integer, and where 1 
is not zero. 
Write 
P=Uy, +Uer+ se e@ Un er] + eee gy 


and P’=uUgtuget ... $Ungia™ 3+ .... 


Both of these series are convergent for any value of x 
that makes the original series convergent, and 


P =U +aP " 
P is zero for any value of z except zero, which makes 


the original series zero, but P is not zero when x=0. 
Since P’ has a radius of convergence or is conver- 
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gent for all values of x, there are two positive num- 
bers, M and p, such that for |x| <p 


M{z\| 
PI <p=Tal 
_ Therefore 
P\i>|ul|— ; 
|P|>|m|—75 


¢ being some positive number less than ||, this 
expression will be greater than ¢, that is, 


cnog 


e(ju|—«) _ 
We will call this fraction <’. ¢’ is te than p, since — 


|ui|—e 
M+|u|-e 


<b 


Then P is numerically greater than ¢ when z is 
numerically less than «’. But in a sequence equal to 
zero there is a place beyond which all the elements are 
numerically less than «’, and for none of these num- 
bers as values of x can P be zero, nor can the original 
series if these numbers are not themselves zero. 


93. Theorem.—/} two series in powers of x, having radir 
of convergence or convergent for all values of x, represent 
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the same numbers for values of x forming a sequence equal 
to zero and not themselves zero, then the two given series 
must be identically the same series, each coefficient of one 
equal to the corresponding coefficient of the other. 


Proof.—If any of the corresponding coefficients were 
different we could, by subtracting one of the given series 
from the other, get a series equal to zero for values of 
x forming the given ees, which is contrary to 
the last theorem. 


Cor.—If two power series are convergent and equal 
for all values of x numerically less than a certain num- 
ber not zero, they are equal term by term, each coeffi- 
cient of one equal to the corresponding coefficient of — 
the other. . 

For out of all values of x numerically less than the 
number we can select values to form a sequence equal 
to zero, and the two series, being equal for these values 
of x, have the same coefficients, by the theorem. 

This form of the theorem is given in most of our 
Algebras as the “‘ Theorem of undetermined coefficients. ” 


94. Since a polynomial in x may be regarded as a 
power series with all the coefficients zero beyond a 
certain place, these theorems are true of such poly- 
nomials. 

There is, however, a theorem concerning polynomials, 
proved in our Algebras in connection with the theory 
of equations, which is more general, and which we 
will state here for convenience of reference: 


Theorem.—A polynomial in x of degree n cannot equal 
zero for more than n different values of x. 
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Cor.—If two polynomials of degree n are equal for 
more than n different values of x they are identically 
the same polynomial, equal for all values of z, each 
coefficient of one equal to the corresponding coefficient 
of the other. 


CHAPTER V 


THE EXPONENTIAL, BINOMIAL, AND LOGARITHMIC 
SERIES 


I. Tut EXpoNENTIAL SERIES 


95. We shall assume in this chapter that the bi- 
nomial theorem has been proved for positive integer 
exponents. 

In particular, r being any positive integer less than n, 
the (r+1)th term in the expansion of (a+2x)" may be 
written 


In 


ln—r |r 


GeatT. 


96. Theorem.—z being any rational number, 


eo ea 
LE 12 eee |n e ee 
Seta = 
|2 ; "Tat eeee 
Proof.—Write 
x x” 
Berlei les Soe la soe 


113°. 
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so that, y being any other number, 


1 


2 
Syalty +5 + ee e ee oe @ @ 


_ The product of these two series is the series 


2 2 
1+ @+y)+(F+ay+4) 4 ae 


9 
+(E+ eit ee ryea 
2 +y)” 
H1+@+y) +H x bei ey toe fae eh, 


That is, we may write it S,,, and say 
SEs = Sz ye 


These series are convergent and this relation holds 
true for all values of x and y. 
li we put y=2, 2x,... 17x, ... we shall have 


S.7 ==TSpy ) 
and by induction S"=S,¢, 


- r being any positive integer. 


In this formula put - for x and s forr: 


St, = Sra = S53 


& 
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or, taking the sth root, 


That is, for positive fractional values of r 
So = Sree 


If in the product series we put y=—z, it will reduce 
to its first term, 1; that is, 


Specie at 
or Saaz 
O2,ee gat 
Now Sz —"SS..’ 


and from what we have just shown this is equal to S_,. 
Hence, for negative rational values of r and, there- 
fore, for all rational values of r, 


So='S,4: 
If we put x=1 the series becomes 


i} 1 
Sait Sous cine i so ates 


| 


This series represents a number which is denoted by 
the letter e, It is a positive number greater than 2. 
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_ Putting also x in place of r, we have for all rational 
values of x 


if x a5 
é naa a Des MeN ee Mavis : 
97. Theorem.—The same relation holds true for irra- ° 
tional values of x. 


Proof.—If x and y are any two numbers, rational 
or irrational, x<y, then S,<Sy. 
_ For, in the first place, if x and y are both positive, 
the terms in both series are positive and the terms in 
S, are less than the corresponding terms in S,, except 
the first, which is the same in both series. Again, 
if x and y are both negative, say r= —2z’ and y=—y/’, 
z’>y’, then 


S.>S, and, therefore, S,<Sy,. 


Finally, if 2 is negative, say x= —z2’, and y positive, 


B.=g-<1 and. 3,24, 

Let a be an irrational number separating all rational 
numbers into two classes, and for the moment let x stand 
for any rational number in the first class and y any. 
rational number in the second class. The number e’ occu- 
pies the point of separation of the numbers e” and e” 
into two classes and is determined by this separation 
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(Art. 24). The same numbers written in the form S, 
and S, determine the same point of separation, which 
is, therefore, occupied by the number Sa. 

That is, writing now x in place of a, we have proved 
for irrational values of x, also, 


x? x” 
eae an Dh Loree ate Sikes 


Il. Toe BinomraL THEOREM FOR ANY RATIONAL 
EXPONENT 


98. Theorem.—p being any rational number and x any 
number numerically less than 1, 


(1+2)P?=1+per+ 2... +yCnt™+ 22. , 
where »C1=Pp, and, in general, 


_P(p—l) . . . (p=nt+t) 


pyn |n 


Proof.—We assume that the theorem has already 
been proved for positive integer values of p. 
Write 


Sp=1+ pe1%+ Ste + pCnxv” + eee y 
so that, g being some other number, 


So=lt citt 2 eit gent + 2. 2s 
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The product of these two series is the series 


1+ (p¢1 + .¢1)t+ : 
+ (pen + pCn—19l1 + Soe + on) 2" + tet cts 


When p and q are positive integers we know that this 
is the same as the series 


Up eC Le int a p Leen aoe coals 


If p is a positive integer less than n, pcn=0; and if q 
is a positive integer less than n, .c,»=0. But even 
for such values of p and q, as well as for all integer 
values greater than n, we have the relation 


nn Fpn—iglet +» «FF gln = prgeny 


n being any positive integer. 

The two members of this equation are palpnennate 
of degree nin p and gq. For any positive integer values . 
of » and q they are equal. If we put for q any posi- 
tive integer they become polynomials of degree n in 
p, equal for all positive integer values of p; that is, 
equal for more than n values of p, and, therefore, 
for all values of p. 

The two members of this equation are, then, equal 
for any positive integer value of gq combined with 
any value whatever of p. If we put for p any value 
whatever they become polynomials of degree n in gq, 
equal for all positive integer values of q; that is, equal 
for| more than n values of gq, and, therefore, for all 
values of q. 
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That is, for any value whatever of p and any value 
whatever of q we have 


SpSq=Spra 


Putting g=p, 2p, etc., and proceeding as in the case 
of the exponential series, we prove for every positive © 
or negative rational number r the relation 


S=Srp- 
For p=1 the relation becomes 
S {= 1 +2. 


Therefore, putting also p in place of r, we have for all 
rational values of p, x being numerically less than 1, 


(L4+x)?=1l+peyrt+ ... +n" + .... 
This proof and the proof of the last section for the 


series representing e” are due in part to Euler. 


Ill. Toe BrnomraL THEOREM FOR AN IRRATIONAD 
EXPONENT AND THE LOGARITHMIC SERIES 


99. In what follows we shall take e for the base of 
all logarithms. ; 
If 1+2=e", so that »=log (1+2), then the formula 


ev=1+pyt+... sa +403 
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becomes 
(1) Gert log (aig os 


ne 
ln 


ple 1 P x) | Matt as 


But if x is numerically less than 1, and y is a monet 
number, we have also 


(14+2)¥=1+yr+ ae : 
Vy=D - I Gan 7 
~1tye+("> 1) + : 
Gres ak glad met) + , 


This series is convergent when z is numerically 
less than 1, whatever the value of y. Now in each 
parenthesis the terms of even degree in x and y taken 
together have plus signs and the terms of odd degree 
have minus signs. If we put for x and y the negative 
numbers which have, respectively, the same numerical 
values, we shall be putting for these terms their numer- 
ical values. x being numerically less than 1, the series 
e be convergent and the parentheses may be removed 
(Art. 73 (1)). 
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That is, whatever the values of x and y, |z|<1, the 
parentheses in the above series may be removed and _ 
the series as then written will be absolutely coe 
namely, 


ya? ya? 


1a i) eer [2 psig aes 
(a) 
non 
eae Je He ME ot; 


representing (1+ 2)” when y is also rational. 

If from the series (a) we select all the terms that 
contain y”, we have a series from which we can take 
the factor y”, say Uny”, Un being a power series in x 
convergent for values of x numerically less than 1 (Art. 


67). The first term of un are and its coefficients are 


alternately positive and negative. 
In particular, 


72 
Uy pe 


Ag 
‘: SSP \ Ole 
2 oon oe e +( 1) n + e@ «ee. «4 


Consider the series 


(8) : T+uyt... +Unyt+ .... 


The terms of this series are numbers represented by ~ . 


part-series taken from the series (a). . If in the series 
(ax) we replace the terms by their numerical values. we 
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have the convergent series of positive terms 


yx x 
1+ |ye| + st saa ee : 
(a’) 
sel ail oe epee Foz era 
~ nN n 


and corresponding to the series (@) the series 
(8’) Lt+u'ly|t ... +un/lyr|t..e, 


where wu,’ is the series of numerical values of the terms 
Of Un. 

The sum of the first » terms of (6’) is the sum of a 
certain number of part-series from (a’), and as a whole 
may be regarded as a part-series taken from (a’). 
Its value is less than the value of (a’), and therefore 
the series (8’) is convergent and its value is equal to 
or less than the value of the series (a’). 

But all the terms of (a’) are found in the different 
series which represent the terms of (@’), and therefore 
the sum of any number of terms of (a’) is less than 
the sum of a certain number of terms of (9’). That is, 
the value of the series (@’) is equal to or less than the 
value of the series ((’). 

It follows that the two series must have the same 
value. | 

Since |un| <u,’ (Art. 62, Cor.), the series (@) is 
absolutely convergent whenever the series (9”) is conver- 
gene. ; 
If we take from the series (a@’) the part- series corre- 
sponding to the sum of the first n terms of the series 
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(@’) we shall have a remainder series R,’ of positive 
terms whose value will be less than « when n is taken 
sufficiently large (Art. 67, Cor.). 

If in the same way we take from the series (a) the 
part-series corresponding to the sum of the first n © 
terms of the series (2) we shall have a remainder series 
Rn whose terms have for numerical yalues the cor- 
responding terms of the series R,’. Therefore the 
numerical value of R, will also be less than ¢, and the 
sum of the first n terms of the series (@) will differ from 
the value of the series (a) by less than «. 

This proves that the series (@) has the same value as 
the series (a). 

Now for rational values of y, x being numerically 
less than 1, the series (a) represents (1+2)¥, which is 
also represented by the series (1). That is, for any 
value of x numerically less than 1 the series (8) and the 
series (1) are convergent power series in y, equal for 
all rational values of y. 

But from all rational values of y we can select a se- 
quence equal to zero. Therefore, by: the theorem of 
Art. 98, the two series (?) and (1) are identical, each 
coefficient of one equal to the corresponding coefficient 
of the other. 


100. Since the series (a) has the same value as the 
series () for all values of y, |x| <1, and since the series 
(8) is identical with the series (1), which for all values 
of y represents (1+ 2)", it follows that the series (a) 
represents (1+2)” for all values of y, |x| <1. 

Thus we prove the binomial theorem for irrational 
values of the exponent; namely, writing p for y, 
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Theorem.—for irrational values of p, x being numer- 
ically less than 1, 


(1l+2)?=14+,c17+ «2. +yCna"™+.. 


101. The coefficient of y in (1) is log (1+2); therefore 
we have the following theorem: 


Theorem.—for all values of x numerically less than 1, 


] (1 ere {jn 
og (1l+z)=z es Ry bess re Ate 
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vised and Mnlarged) i055, 0. 8. <n on Lee ete he tere REA Sitti ale 12mo, 
*#:Modera Baths and Bath Houses: ..0. <ce<tich os + s% sutetowe so eeeee 8vo, 
Sanitation of Public Buildings... ..7t.x.202 © fusions Ooh eee eetniOn 
Theatre Fires and Basics pc asdeits.g egies od dep ela ss an eee 12mo, 
Johnson's Statics by Algebraic and Graphic Methods...... acs teyate ey are 8vo, 
Kellaway’s How to Lay Out Suburban Home Grounds............... 8vo, 
Kidder’s Architects’ and Builders’ Pocket-book.................16mo, mor., 
Merrill's Stones for, Building and: Decoration. 52.). «is» <> is ar apa > ale» 8vo, 
Monckton’s ‘Stain buailding.s 8...» gd. - Fen = dhe SEF Sey bic Aa ee, ae <a Ato, 
Patton’s Practical Treatise on Foundations............ Figs iateler ace eae 8vo, 
Peabody suNaval- Arcnitectureton io.cisuvctaress ccc.0 sl ticle atoisce wiat ove cas See 8vo, 
Riee’s ‘Concrete-block Manufactyrel ()-€...cBe tae ae os os «0-05 6 ele ene 8vo, 
Richey’s Handbook for Superintendents of Construction ....... 16mo, mor. 
Building Foreman’s Pocket Book and Ready Reference. ..16mo, mor. 


* Building Mechanics’ Ready Reference Series: 


* Carpenters’ and Woodworkers’ Edition............ 16mo, mor. 

* Cement Workers’ and Plasterers’ Edition...........16mo, mor. 

* Plumbers’, Steam-Fitters’, and Tinners’ Edition.. .16mo, mor. 

* Stone- and Brick-masons’ Edition....:.2......00-. 16mo, mor. 

Sabin's) Douses Paintings: paces cs 2. be ote tete pene te noe eo gis oes ares el aittecens eee 12mo, 

Siebert and Biggin’s Modern Stone- cutting and Masonryo. 3, «svete ckeoee 8vo, 

Snows Principal SpectesiOl WOO secs ccs ye eiensiai a0) aie's cpsuersls Secs rs tert eee 8vo, 

Towne’s Locks and Builders’ Hardware. . $i os sees seo LOMO, NOL 

Wait’s Engineering and Architectural Jurispradence... Su car eM e OOM 

Sheep, 

Taw: of Conmtracter sd oc. he 07. We tole Sa tech ene ails aro ohaeeoke Ria ete ee 8vo, 
Law of Operations Preliminary to Construction i in Engineering and Archi- 

TECEUTEHs cue bore Sit ARS Rees Reh ores stat eres tar creed fal Satan ans oeeine etter sane 8vo, 

Sheep, 

Walsors Air Conditioning: 5... cere eee ted oc se teeta are eee 12mo, 


Worcester and Atkinson’s Small Hospitals, Establishment and Maintenance, 
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Suggestions for Hospital Architecture, with Plans for a Small Hospital. 


12mo, 


ARMY AND NAVY. 


Bensnadou’s Smokeless Powder, Nitro-cellulose, and the Theory of the Cellulose 


IM LSC tlle yoann asnisieaeu arate vo e¥s'9\.0) SWOuaNerede aade tale amene ces Bec ie chal ere 12mo, 

Chase's. Are.ol Pattern) Making... s vs scheets aferanitie ua tiaie ete oie 12mo, 
Screw Propellers.and Marine-Propulsion........00.000sas0+0ee0«++SVO, 

* Cloke'’s Enlisted Specialists’ Examiner: cac.cauis ceainecs «eiaienes)s7 eee Oe 
eraser’ s: Hee mm RGF ais. -5:'s acy caves do aguas ap ee Rae a ee 8vo, 
Cranes Wozarraiatliccvatecs, Setce a scuevecer chs ae leew, Wis ates, Stotete rch acne esc ae 14 ie4tox 
Crehore and Squier’s Polarizing Photo-chronograph.. BE Henn tener uch RONAN 
* Davis's Elements of Law.. peels Ghar we 
* Treatise on the Military. am ‘of United Rigtee, Se eee aoe ect ee ONION 
DeBrack’s Cavalry Outpost Duties. (Carr.).. . .24mo, mor. 
* Dudley’s Military Law and the Procedure of Cotirts- are. .Large 12mo, 
Durand’s Resistance and Propulsion of Ships.. sweetened alo te-e. © ote Sate eee ene 
**Dyer’ssHandbook of Light Artillery...) a... ssitesiontastel trl isieeisebe s) oki eo inon 
Bissler’s\ Modern High Explosivestn 2 tiie siithe Jeb. eacneed les arenas ee ieee 8vo, 
* Biebeger’s Text-book on Field Fortification......./......4...Large 12mo, 
Hamilton ‘and Bond’s The Gunner’s Catechism........................18mo, 
* Hoff’s Elementary Naval: Tactics: \.sgaivend bu ic eee a ee 
Trigalls’s, Handbook, of Problemsun {Direct} Mire: We vessels oie 8vo, 
* Lissak’s Ordnance and Gunnery.. ale a:0,sotlef ELA Lele She, 208, SRNR S ALS AROED See 
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* ‘Ludlow’ $ Logarithmic and Trigonometric Tables... TOE IO, .8vo, $1.00 


* Lyons’s Treatise on Electromagnetic Phenomena. Vols. I. pais iL. ‘8vo, each, 


* Mahan’s Permanent Fortifications. (Mercur.).. sy" .8vo. half’ mor. 
Manual for Courts-martial. . ; Cia bd Coe See dabahl as hte nd LOMMOMNOr. 
* Mercur’s Attack of Fortified Places. iste Oe tae teas Hist} SEIS 12mo, 
.. ,.¥ Blements'of the“Art'of War... 0) 2. Oo oe 000: RN aL Pag od 3 8vo; 
Nixon's Adjutants’, Mantal. 5 6 of. oes whan coleman oe Sie Re a 24mo, 
Peabody's Naval Architecture;? 7 re Te PA Sa 5 8vo,. 
* Phelps’s Practical Marine Survevine ate ae ra ote te 28 OE AY ct Pek BVO} 
Putnam’s Nautical Charts.. Sat od A rah air Lb ie ah: : 22%. BVO, 
Rust’s Ex-meridian Altitude. iAgimnith and Spat nbonnt Tables. . . .8vo, 
Sharpe’s Art of Subsisting Armies in War.. : : 18mo, mor, 


* Tupes and Poole’ s Manual of Bayonet Exercises ane Muskeiry Fencing, 
24mo, leather, 


t Weaver Ss; Mintatvy DX DlOsivesy. cc.5 sels nh ee co eee Eun eee 3, 80, 

Woodhull’s Notes on Military Hygiene............... BUS A ey kemo, 
ASSAYING. 

Betts’s Lead Refining by Electrolysis. . 5 . 8V0, 


Fletcher’s Practical Instructions in Quantitative Aisayine avitis the Hiswnipel 
16mo, mor. 


Furman and Pardoe’s Manual of Practical Asbalvien gt (Sixth Edition. -Re- ' 


MISSA ANG Por lar eed) So. . ce. 03.0 ee Ne ein, creas, He aE te hee 8vo, . 
Lodge’s Notes on Assaying and Melaliietoat Laboratory Experiments..8vo, 
Low’s Technical Methods of Ore Analysis GEs Sat: siete POR Caney Pond haters Os 8vo, 
Millers Cyanide Process...2 see a ik ee eae Od PES 9295 Se rid ee 2 12mo,. 

Mair ta liet ASS yt: 6.5. cor Piatetebadslarete late teks "a tacavatas kek ONG Nd is ate) Gee 12mo, 
Minet’s Production of Aluminum rae its Tada Use. Real = Fie 
O’Driscoil’s Notes on the Treatment of Gold Ores: . po SNe CIs 
Ricketts and Miller’s Notes on Assaying.. RGAE Akers S .8vo, 
Robine and Lenglen’s Cyanide Industry. wor Clara, y. Rts SASS RR Soe _ .8v0, 
Ulke’s Modern Electrolytic Copper Refining............ Hig Reh ROME Pricehe& LOVE 
Wilson’s Chlorination Process. . ees oP ctate Me kd eevee arth eT 

Cyanide Processes..ss..s:scccercceevs VR EMA | SDSL EAE 12mo, 

ASTRONOMY. 
Comstock’s Field Astronomy for Engineers........... aha) ae couse) sjaite labtohevia-a, sek Oe 
MEAL SUP AISEMLL EDN: Sate po 3) ots tpcsbecs Said Ree Tete ete ota ee Pa © legs (oriedndens at pidge’ © . Ato, 
Crandall’s Text-book on Geodesy and heast. Squares apa LSE RES «+ -8VO, 
Doolittle’s Treatise on Pracical Astronomy.. RE Ie eR Pa ee clear 
Hayford’s Text-book of Geodetic Acteangtay. ict ade we a del eee CON a ae 8vo, 
Hosmer’s Azimuth. , Peek ace .16mo, mor. 
Merriman’s Slatient: of Precise Barveving ‘and. Gepdesi:: eS pate BE ae e 8vo, 
* Michie and Harlow’s Practical Astronomiy,........-..y5s00000sccess 8vo, 
Rust’s Ex-meridian Altitude, Azimuth and Star-Finding Tables....... 8vo, - 


* White’s Elements of Theoretical and Descriptive Astronomy........12mo, 


CHEMISTRY. 


* Abderhalden’s Physiological Chemistry in Thirty Lectures. (Hall and 
DE pote sc ce cian tree news: iby ie teeawttitss. yay ria os 0m, ance 8vo, 
* Abegg’s Theory of Electrolytic Dissociation. (von Ende.)......... sedans 
Alexeyeff’s General Principles of Organic ee (Matthews. Ja wicieavsth Oy. 
Mt See ADO TOT LT OT LEIA Y SISter. so. 8 dena cee tein td's. Su pieced onsen ie icicles avmintss 8vo, 
Armsby’s Principles of Animal Nutrition,........c0eccsseeccsesevoes 8vo, 
Arnold's Compendium of Chemistry. (Mandel.).. er . Large 12mo, 
‘Association of State and National Food and Dairy. Departments, Hartford 
* Meeting, 1906.. Pee ee eNd tacos Sian), b SnacaRey ysh'e: 4 808% .8vo, 
. Jamestown Meeting, FOOT nick Gains Ey Apap enebieeerar Ad 1y5 
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Austen’s Notes for Chemical Students............e0ncccesesseereee-l2mo, $1 
Baskerville’s Chemical Elements. (In Preparation). 
Bernadou’s Smokeless Powder.—Nitro-cellulose, and Theory of the Cellulose 
Molecule: tac dls Aah he. phe eine Gb cine eae area 12mo, 2 
Biltz’s Introduction to Inorganic Chemistry. (Hall and Phelan). (In Press). 
Laboratory Methods of Inorganic Chemistry. (Hall and Blanchard). 
8vo, 
* Blanchard’s Synthetic Inorganic Chemistry... =. Sie eee aR, 
* Browning’s Introduction to the Rarer Blements. Ha deus .8vo, 
* Claassen’s Béet-sugar Manufacture. (Hall and Rolfe. pe .8Vvo, 
Classen’s Quantitative Chemical Analysis by Electrolysis. Bottwood. as 8vo, 
Cohn’s Indicators:and Test-papers. 2.2.02. 5 cc's apes spe! sus fs on : .12mo, 
Deststand de Caen tes ose. dt sisi et tease Sede s bie Bee ee een 8vo, 
* Danneel’s Electrochemistry. (Merriam.)..................-.--...-12mo, 
Dannerth’s Methods of Textile Chemistry................20-0-eee- 12mo, 
Duhem’s Thermodynamics and Chemistry. (Burgess.)................8vo, 
Effront’s Enzymes and their Applications. (Prescott.)............... 8vo, 
Misslen:s: Woderts, Pltett. 1x1 Ost Vesa aicgtereteieveneis stv. wile aioe 6 alee sieeve teen 8vo, 
Erdmann’s Introduction to Chemical Preparations. (Dunlap.).. .12mo, 
* Fischer’s Physiology of Alimentation.. ...... iigece 12mo, 
Fletcher’s Practical Instructions in Quantitative ‘Assaying: with the Blowpipe. 
Tene mor, 1 
Fowler’s Sewage Works Analyses... Aomd Be, 
Fresenius’s Manual of Qualitative Chemical peat eine " (Wells. ‘. Pe ees 2 8vo, 5 
Manual of Qualitative Chemical Analysis. Part I. Descriptive. (Wells.)8vo, 3 
Quantitative Chemical Analysis. (Cohn.) 2 vols.....00.5 4.0. 8vo, 12 
When Sold Separately, Vol. I, $6. Vol. II, $8. 
Pnertes suwaterand Public Health. «6.0 smite pees Sa cee eee one 12mo, 61 
Furman and Pardoe’s Manual of Practical Assaying. (Sixth Edition, 
Revised and Mnlarged.)o..:.. » 6 7 #0 ee es + sis ne aera ee 8vo, 3. 
* Getman’s Exercises in Physical Chemistry. . RPE eS ote RO SR i Oyecle m4 
Gill’s Gas and Fuel Analysis for Engineers. . x : 21 2mo, 01 
* Gooch and Browning’s Outlines of Qualitative Cheaiical Gaahoee 
Large 12mo, Il 
Grotenfelt’s Principles of Modern Dairy Practice. (Woll.)........... 12mo; 2 
Groth’s Introduction to Chemical Crystallography (Marshall). ........12mo, 1 
Hammarsten’s Text-book of Physiological Chemistry. (Mandel.)...... 8vo, 4 
Hanausek’s Microscopy of Technical Products. Doane So cose 8vo, 5 
* Haskins and Macleod’s Organic Chemistry. . 2 seohal oa Tanne — 2m eee 
Hering’s Ready Reference Tables (Conversion. Factors). Bete nee Téa, mor. 2 
* Herrick’s Denatured or Industrial Alcohol. ov... cece ne cess cee SVO, 4 
Hinds: s) Inorganic Chemistry sane cavcnesis Garey seekaotnieuciaie ail ate vie eee rete ety VO mene? 
* Laboratory Manual for Students.. a Mra: Prater il 
* Holleman’s Laboratory Manual of Organics ‘Chemistry - fox Beginners. 
CWalkers) oa See eS Ae ae ae a ee, ne ae ISO 
Text-book of Inorganic Chemistry. (Cooper.).. Sed RE RONON te 
Text-book of Organic Chemistry. (Walker and Mott. he ieee ere CON OME 
* Holley s iveaq and Aine Pigmenters eerie meh sles ot vias 12mo, 3 
Holley and Ladd’s Analysis of Mixed Paints, Color Pigments, and Varnishes. 
Large 12mo, 2 
Topkins’s Oul-chemuists’ Handbooks se o/s a nfhs fia ie erie ah else 8vo, 3 
Jackson’s Directions for Laboratory Work in Physiological Chemistry..8vo, 1 
Johnson’s Rapid Methods for the Chemical Analysis of Special Steels, Steel- 
making Alloys and Graphite. cs acc rsteiencrete evra cbt Large 12mo, 3 
Landauer's Spectrim Analysist | (ingles igcntice meen «ares. wis. seis wie ere 8vo, 3 
* Langworthy and Austen’s Occurrence of Aluminum in Vegetable Prod- 
t1icts, Animal Products, and Natural Watersiass. ese bon ero 8vo, 2 
Lassar-Cohn’s Application of Some General Reactions to Investigations in 
Organic Chemistry. (Tingle.).. é -12mo, 1 
Leach’s Inspection and Analysis of Food with Special Reference to State 
Control.. x Riavatete SIS VO, ae 
Loéb’s Biestrochemistey of ‘Organic Compounds, ‘(ham _ ; ESR ee 8vo, 3 
Lodge’s Notes on Assaying and Metallurgical Laboratory Experiments..8vo, 3 
Low’s Technical Method of Ore Analysis. . sielselcetch be ay be orate tale nets ene yO weary 
Lunge’s Techno-chemical Analysis. (Cohn. i ois VLOGS ok 
* McKay and Larsen’s Principles and Practice ut Butter-maliie Re 8vo, 1 
Maire’s Modern Pigments and their Vehicles........... vive veces oe el pimO es 
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Mandel’s Handbook tor Bio-chemical Laboratory............ 00500-0085 12mo, $1 50 


% Martin’s Laboratory Guide to Qualitative Analysis with the Blowpipe 


12mo, 
Mason’s Examination of Water. (Chemical and Bacteriological.)......12mo, 
Water-supply. (Considered Principally from a Sanitary Standpoint.) 


8vo, 

* Mathewson’s First Principles of Chemical Theory....... eae ers 
Matthews’s Laboratory Manual of Dyeing and Textile Shemisity rie ae 8vo, 
Textile Fibres. 2d Edition, Rewrittem.. ..<....:ss%e.cc re eos 8vo, 

* Meyer’s Determination of Radicles in Carbon Compounds. (Tingle.) 
SEIT CUE UULIOR ere ee eee h ce een at oe teenie nae de 12mo, 

Pri heemres OMtG Ge Te Pe aEe sok gy Os ahs 5 a's’ as Wea we eB we wens ely 12mo, 
Ramrtia lor Asse yin ai. gba sce coho e o)oiata Tears ehcleleub ures saan erent 12mo, 
Minet’s Production of Aluminum and its Industrial Use. knee es .12mo, 
Mixter’s Elementary Text-book of Chemistry... eens .12mo, 
Morcan’s Elements of Physical ©iemistry.. 0c .c.c0s0 3 0 ker ee cals anes Oe 
Outline of the Theory of Solutions and its Resales Aes ME At 1 2m0; 

* Physical Chemistry for Electrical Engineers..............0000005 .12mo, 
Morse’s Calculations used in Cane-sugar Factories........... -16mo, mor. 
* Muir’s History of Chemical Theories and Laws...............cece0. 8vo, 


Mulliken’s General Method for the Identification of Pure Organic Compounds. 


Vol. I. Compounds of Carbon with Hydrogen and Oxygen. Large 8vo, 
Vol. II. Nitrogenous Compounds. (In Preparation). 
Vol. III. The Commercial Dyestuffs. (In sige 


O’Driscoll’s Notes on the Treatment of Gold Ores.. : .8vo, 
Ostwald’s Conversations on Chemistry. Part One: "(Ranney if Siipyice « toma, 

rf y Part Inver? (lurbull).... 12mo, 
Owen and Standage’s Dyeing and Cleaning of Textiie Fabrics.......... 12mo, 
* Palmer’s Practical Test Book of Chemistry. . .12mo, 


* Pauli’s Physical Chemistry in the Service of Medicines EV iicchor ‘a .12mo, 
Penfield’s Tables of Minerals, Including the Use of Minerals and Statistics 


GeeWomresticn ELOduCtION. ss 224 +2 2 is batie mete ta te aes ten cee 8vo, 
Pictet’s Alkaloids and their Chemical Constitution. (Biddle.)......... 8vo, 
Podle’s €alerific Power of Pueisis. 2.56024 oe OS Oa 8vo, 
Prescott and Winslow’s Elements of Water at comets with wake Refer- 
ence to Sanitary Water ere te Rate, Hees Melt taneiats en oe .12mo, 
* Reisig’s Guide to Piece-Dyeing. . .8vo, 
Richards and Woodman’s Air, Water, wes oud! Crom a iSunitary 'Beahids 
POSED Eerste hte St AA Sadik 1 SER Steet SMA ee ne Eee be ek ete 8vo 
Ricketts and Miller’s Notes on Assaying.. aortas tort! o alt son seetareee Ns 
Rideal’s Disinfection and the Preservation of Food... Meiicatet ales ok See OT 
Sewage and the Bacterial Purification of Sewage. . Teeth ain! a amet sant: 8vo, 
Rigg’s Elementary Manual for the Chemical Laboratory................8Vvo, 
Robine and Lenglen’s Cyanide Industry. (Le Clerc.)................ 8vo, 
Ruddiman’s Incompatibilities in ahr i Mi nstaahe a nierad aA MAR AGS eee ti 8vo, 
Whys in Pharmacy.. ad tate coh owh Se GeO Chee Said BEE 
Ruer’s Elements of Metallography. (Mathewson). (In Press.) 
Sabin’s Industrial and Artistic Technology of Paint and Varnish. ...., .8vo, 
Salkowski’s Physiological and Pathological Chemistry. (Orndorff. 7 bah art 8vo, 
Schimpf’s Essentials of Volumetric Analysis. . ee Plo mo: 
Manual of Volumetric Analysis. (Fifth Bidition,” Rew tenyn . .8vo, 
ear ative Chemical AmAlysis.: cae cid clots’ seal dels 2 Pe ee 8vo, 
Smith’s Lecture Notes on Chemistry for Dental Students............. 8vo, 
Spencer’s Handbook for Cane Sugar Manufacturers.............. .16mo, mor. 
‘Handbook for Chemists of Beet-sugar Houses...............16mo, mor. 
PEI REC ROC SAITO TOOLS, = baa sida a grec eC Tee OU ae eee cunile eh eiene Svo, 
Stone’s Practical Testing of Gas and Gas Meters...........-..00 e000. 8vo, 
*. Tillman's Descriptive General Chemistry. .........06 ee cee sane es BVO, 
Prorat tar y LeseUe Wt TICAb ce dike ers lek hs a a an ee 8vo, 
Treadwell @ Qualitative Analysis; (Hall) ee ere oh Sees 8vo, 
- Quantitative Analysis. (Hall.).. Sa taeeCheuch aris tat Cats oar cepts e Ae 
Turneaure and Russell’s Public Water-supolies: PE eoae citere sree 


Van Deventer’s Physical Chemistry for Beginners. » (Holtwood.). teu wey lerealo ls 
Venable’s Methods and Devices for Bacterial Treatment of Sewage......8vo, 
Ward and Whipple’s Freshwater Biology. (In Press.) 
Ware’ s Beet-sugar Manufacture and Refining. Vol. I.. Mae cyst ee OO Os 
ne Vol. rie ewes Stu ger +e e8VO, 
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Washington’s Manual of the Chemical Analysis of Rocks. . 


* Weaver's Military EXpl0Sives.,...0. 0 eesee ve eter esecenes baieleniees SVOSHISLO0 
Wells’s Laboratory Guide in Ousleaive Chemical Anatysis-. io vie eee 8vo, 1 50 
Short Course in Inorganic. Qualitative Chemical Analysis for sian inn 
PLUG EO LED. site o haksst> os efelavis mee wait eeiet ss agit hagietateie c -12ma;;, 1 50 

.Text-pook Gf Chemical Arithmetic. :.:..c.-. ine es see ee 12mo0;=° 1225" 
Whipple’s Microscopy of APRRAL SB i Mises Ga gual acta enie nn Juvith +p OVO sae oO 
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Zsigmondy’s Colloids and the Ultramicroscope. " (Alexander), bs Large 12mo, 
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Baker’s Engineers’ Surveying Instruments.......... hal, Nee ie 12mo, 
Bixby’s Graphical Computing Table. . Pane. 194 X 244 inches. ° 
Breed and Hosmer’s Principles and Practice ae ieee: Vol. I. Eiemen- 


tary Surveying....... Bee yee ts Pee a ae ee Ey oe 8vo, 
Vol. II. Higher Surveying... APP LEE 
* Burr’s Ancient and Modern Hagemann, and the Isthmian Geant okie 8vo, 
Comstock’s Field Astronomy for Engineers........ St fet june Laaeeae 8vo, 
* Corthell’s Allowable Pressure on Deep Foundations ............... 12mo, 
Crandall’s Text-book on Geodesy and Least Squares...............2-- 8vo, - 
Davis s Elevation and Stadia lables:.. ss cc co5.0% «tele tens ciate see nee 8vo, 
Elliott’s Engineering for Land Drainage.. Seale .12mo, 
Practical Farm Drainage. (Second Edition ‘Regmuten, ) ite nae ets --12mo, 
* Fiebeger’s Treatise on Civil Engineering. . CO hoc e oi .8vo, 
Flemer’s Photographic Methods and Thstriamenks.. BS naire. 12 cece Ce 5 Si, 
Folwell’s Sewerage. (Designing and Maintenance. Teste ei RO eS va 
Freitag’s Architectural Engineering. . IT Py: Boe ey cane ee .8vo, 
Goodhue’s Municipal improveniente. bat nh onan. 
* Hauch and Rice’s Tables of Oisurtities: ie Praligainany Hetimate .12mo, 
Haytord’s Text-book of ‘Geodetic Astronomy. seuincc'. 066 s4 5s ons sue 8vo, 
Hering’s Ready Reference Tables na aac Baetars)cika.ianiese 16mo, mor. 
EVOSMED SLAZATIU EN: . cig or oc ie'aeyy oars ay ewiele Wma Meera D cguke i /bie Misy ores ens 16mo, mor. 
Howe’ Retaining Walls for arth See oe RS RR, Sah kite c sea a 12mo, 
* Tves’s Adjustments of the Engineer’s Transit and Level....... 16mo, bds. 
Johnson’s (J. B.) Theory and Practice of Surveying. ......... Large 12mo, 
Johnson's (L. J.) Statics by Algebraic and Graphic Methods............ .8vo, 
Kinnicutt, Winslow and Pratt’s Purification of Sewage. (In Preparation). 
* Mahan’s Descriptive Geometry. . » Tusklalsie torte © OVO: 
Merriman’s Elements of Precise Syryeving, and Ccodrey: Bee ae ie 8vo, 
Merriman and Brooks’s Handbook for Surveyors.............. 16mo, mor. 
NUgent S, Plane SUPVE VIN: ..c ec 6 ies coc oe sieae' ebete htencigher oie eteieneimiaie talents 8vo, 
Ogden’s Sewer Constructions. 40.6204 Savieess byt Aste mime pee ee eee, 
Sewer esgic ccc nas soe © @Sueueslei teri ate Cheuenee Sieiel ome eke ane 12mo, 
Parsons’s Disposal of Municipal Refuse............+.+- sieleaelsei Sree eee 8vo, 
Patton’s Treatise on Civil Engineering..............-0.-. 8vo, half leather, 
Reed’s Topographical Drawing and Sketching...........++2+eeeeeeees Ato, 
Rideal’s Sewage and the Bacterial Purification of Sewage.. .8vo, 
Riemer’s Shaft-sinking under Difficult Conditions. (Corning and Peele. Di 8vo, 
Siebert and Biggin’s Modern Stone-cutting and Masonry.............. 8vo, 
Smith’s Manual of Topographical Drawing. (McMillan.)................8vo, 
Soper’s Air and Ventilation of Subways.......e.eceesececresereenes 12mo, 
* Tracy’s Exercises in pers s F ealcaeato Aes Oe a chaolate hors Eatecant enacts 12mo, mor. 
Tracy’s Plane Surveying.. 2 Sapte ees Chie LOGO TIO. 
* Trautwine’s Civil igineer's Ss "Becket: a oe hse suaneteialateneneleshs i take mor. 
Venable’s Garbage Crematories in America.. # oe . -8VO, | 
Methods and Devices for Bacterial Treatment of Bewagas, ire dale aWatart .8vo, 
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Wait’s Engineering and Architectural Jurisprudence............... .8vo, $6 00” 


" “Sheep, 

Law of Contracts. 00.5... Hah SE Sea ear tad aa a tation . . -8VvO, 
Law of Operations Preliminary to Construction in Engineering’ and 

APE OMTTCCEUL CL te are ehe Leatetere ts ore eel acltals aise jolhcw A iatsleye's 28S ae 8vo, 

Sheep, 

Warren’s Stereotomy—Problems in Stone-cutting. . id ee oe .8vo, 


* Waterbury’s Vest-Pocket Hand-book of Mathematics ‘for Biginesce: 
2% X52 inches, mor. 
Webb’s Problem’s in the Use and Adjustment of Engineering Instruments. 
16mo, mor: 
Wilson’s Topographic Surveying....... Her Reece eae RO OEE Pon avne 8vo, 


od BRIDGES AND ROOFS. 


Boller’ Ss Practical ieentiset on athe Construction of Iron Highway Bridgés..8vo, 


ey DAMES IVE DMs Pak, 2 ot Mehl alid ofehake Abbeseraiiete ome Oblong paper, 
Burr and Falk’s Design and Construction of Metallic Brid pes F dete 8vo, 
Influence Lines for Bridge and Roof Computations................%. 8vo, 
Du Bois’s Mechanics of Engineering. Vol. II..............3....Small 4to, 
Foster’s Treatise on Wooden Trestle eas ee Sten crilstitey eBoy oh Ato, 
Fowler’s Ordinary Foundations.. Mich 6; niahane bangs quate sgprm ens REEL tS 
Greene’s Arches in Wood, Iron, and Stone, , Faw ttatehscins, shateitny ty = Sea ON OR 
A ICOR PRISE She 1 hel aN ave ainls: 'elevctake deere as ate absce winhe oak. oens Qataeeee 8vo, 
Roof Trusses. . a mega areata chaos gadelack sonata, wie eee 
’ Grimm’s Secondary Gisesasa’s in WY Biidze. ae Ae b . .8vo, 
_ Helier’s Stresses in Structures and the SG Dehimatioase - .8vo, 
Howe’s Design of Simple Roof-trusses in Wood and Steel. Sco EO VO: 
pymeietrical Masonry Arches. . ois cas 1 2h0s te gt Soe eee 8vo, 
El TEAEISEV OME ALCIES 5 ci eteie ob elarare wx ¥isvai el Gor lO eee at ch, Sree aerate 8vo, 
Johnson, Bryan and Turneaure’s Theory and Practice in the Designing of 
Modern! Framed:Structures. (490050. sy Seen day oe ok -+++-eomall 4to, 
Merriman and Jacoby’s Text-book on Roofs and Bridges: 
Partie > Stresses in’ Simple Trusses..c. eid e. ote orders OR fas 5 keg a | 8vo, 
PALM s © CATAIUG OLAOS ce crcivn ays cee we nyens +e SENR EONS oe k i eS VO, 
Patiissy ) aridge Designs ts. seve Mele rs 7 oe adel yee we le Oe - -8vO, 
PCPS PLIGNEL OLPUCtULES, sais acd secs ood: 4 a}e apéueie.sie 16 a) yigisie/s are aude 8vo, 
Migrisomeuntemplis Bridebs.4 6 ccwk.c «nw eledulerons wi cltte pete tears et Oblong 4to, 
Sondericker’s Graphic Statics, with Applications to Trusses, Beams, and 
BART IVE Sire sina sa eote Ver ove so:xaevanc¥ans™anosanaretaeeererste haw Mareneeha ae ate Seely ...8VvO, 
Waddeli’s De Pontibus, Pocket-book for Bridge Engineers Rs Fee ious. mor. 
* Specifications for Steel Bridges......... .12mo, 
‘Waddell and Harringtoon’s Bridge Hugineciinet ‘a Preparation: - 
Wright’s Designing of Draw-spans. Two parts in one volume......... . 8Vvo, 
HYDRAULICS. 
Barnes’s Ice Formation, ...:cccesss seer cen lea eae on, ak are ee Sta 8vo, 
Bazin’s Experiments upon the Contraction of the Liquid Vein Issuing from 
AiO MICS rear ACHE ATIE) oe in sticaiel cuerstaicsnaim dual toa states overs eo Bicaees ’,8vo, 
OVE NRSr Led tISCLON EL Y GALIICS 0h. thaveeh cicuniats sveure eo eieueret nbs outeeuele ane 8vo, 


Church’s Diagrams of Mean Velocity of Water in Open Channels. 
ioe; Ato, paper, 


Hydraulic Motors.. De eesag isp ee ONO, 
Coffin’s Graphical Solution of Hydraulic Be teen: sje ae» caw k ‘16mo, mor. 
Fiather’s Dynamometers, and the Measurement of Power............ 12mo, 
Folwell’s Water-supply Engineering.................. Sal. otacetarattae x toate 8vo, 
UME MLL NT VRE COESDOWED tr Soi cba CMS a sik ce ea vse te eu aS ae ae ee 8vo, 
Fuertes\s Water and Public Health.........5.....ccccccceens Ai ee 12mo, 
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Ganguillet and Kutter’s General Formula for the Uniform Plow of Water i in 
‘Rivers and Other Channels. (Hering and Trautwine.).......8vo, 
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Hazen’s Clean Water and How to Get It...............+..-. Large 12mo, $1 59 


Filtration of Public Water-supplies............0.2e2eeeceeees 8vo, 
Hazelhurst’s Towers and Tanks for Water-works.. ‘ .8vo, 
Herschel’s 115 Experiments on the Carrying Capacity oe ES Riveted, Metal 

Gee bb Sistcscoieiere e orcee’ w Ciete daicarevere: ho sete pie nplome cho toie: alia taney aay anemia 8vo, 
Hoyt-and Grover's River Discharge: ..c. ose c ficc oka nurs ne dens sine snip 8vo, 
Hubbard and Kiersted’s Water-works Management and Maintenance. 

8vo, 
* Lyndon’s Development and Electrical Distribution of Water Power. 

8vo, 
Mason’s Water-supply. (Considered Principally from a Sanitary Stand- 

TQITNG Ws sexcou cubic al strerateanuc ia tae top etetighedion kee fa/eraMolls ehatyeeemean Sobek evita scouteeks 8vo, 
Merriman’s Treatise on Hydraulics... es SS a: aig dene" este eae alate 
* Molitor’s Hydraulics of Rivers, Weirs. and ‘Sluices, iis sheng is haere eee 8vo, 
* Richards’s Laboratory Notes on Industrial Water Analysis.......... 8vo, 
Schuyler’s Reservoirs for Irrigation, Water-power, and Domestic Water- 

supply. Second Edition, Revised and Enlarged....... Large 8vo, 
* Thomas and Watt’s Improvement of Rivers.......... intern a Agee ase eee Ato, 
Turneaure and Russell’s Public Water-supplies.. ai pis ve 
Wegmann’s Design and Construction of Dams. ‘bth Ed., ealsegedis . .4to, 

Water-Supply of the City of New York from 1658 i TS95E 2 Ato, 
Whibole’a Value of Pure Water! isc 7.064.) Wis 209 Me lee Large 12mo, 
WilltamsvandsHazen's*Hydraulic-Tables..a5 2. . bic ete ena eee Sele oes 8vo, 
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MATERIALS OF ENGINEERING, 


Baker's Roads and Pavements. ......s0«s slseesesicecesiveecceeacacee 8vo, 
ireatise on Masonry Construction. .... sic «.sitsicaie es eee. eee 8vo, 
Black’s United States Public Works. . nev ae des bielss > a5 AMELIA dae 


Blanchard’s Bituminous Roads. (In Press.) 

Bleininger’s Manufacture of Hydraulic Cement. (In Preparation.) 

* Bovey’s Strength of Materials and Theory of Structures................ 8vo, 

Burr’s Elasticity and Resistance of the Materials of Neenpie pr c.: . -8vo, 

Byrne’s Highway Construction.. fi: 5. .8VO; 
Inspection ef the Materials and ‘Workmanship Employed j in spas truttions 


Ginitch’s: Mechanics of Mngineering, ......<..c02 esos vasscldauivith SEEN 8vo, 
Du Bois’s Mechanics of Engineering. 
Vol: E., Kinematics, Statics, Kinetics... ....0.0.0.c.0.00.0.0.0.0 «0 s«.. ie) Sto, 
Vol. II. The Stresses in Framed Structures, Strength of Materials and 
Theory of Flexures....... eae ncn.0 with ane Win paeneels ate be ete Ces 
© Eckel’s' Cementsj-Limes, and: Plastersivewec.s «ovis ieee © cielo ergniere eee -8vo, 
Stone and. Clay Products used in Hnginestize: (In Preparation.) 
Fowler’s Ordinary Foundations............ inch as. 0 a0 bine 00% Ws eles Smee 8vo, 
* Greene’s Structural Mechanics............0- atelels,o elesslepe;a/alchereie aio teteteteee OIG 
* Holley’s Lead and Zinc Pigments....... Gon ro ereravary Ante! extiemes Large 12mo, 
Holley and Ladd'’s Analysis of Mixed Paints, Color Pigments and Varnishes. 
Large 12mo, 
Johnson’s (C. M.) Rapid Methods for the Chemical Analysis of Special Steels, 


Steel-making Alloys and Graphite...............cc00- Large 12mo, 
Johnson’s (J. B.) Materials of Construction...........ececesee- Large 8vo, 
Keen's Gast LrOn i... 0 < dees oie Weg 5.014 so 500 5 eacles wil ene 8vo, 
Lanza S-Applted Mechanes, 5.0 sc 6 es ons AW icke nis pies iste «nnuate eis 8vo, 
Maire’s Modern Pigments and their Vehicles.......... PROM R  k 12mo, 
Martens’s Handbook on Testing Materials. (Henning.) 2 vols....... 8vo, 
Maurer’s Technical Mechsnits. 5). s..55 03 «mapa meters Baa pes cunit ke oeeee 8vo, 
Merrill’s Stones for Building and Decoration................see005 ...8vo, 
Merriman’s Mechanics of Materials. ...:.. + «\«nacsnsin sees cone 8vo, 

* Strenoth of Materials, ...i2)2.. 975 one asi aie aie tase 5 a hale 9555 pk CEO 
Metcalf’s Steel. A Manual for Steel- tiers DR aeiat aha aah eines ciate Pe re ee Were 
Morrison’s Highway Engineering...........cccccsccccees SETS ic, CE - -8VO, 
Patton’s Practical Treatise on Foundations............2.-eee0- s4. 5th "sje VOX 
Rice’s Concrete Block Manufacture...........sseeeees onus 0(0,0ce, tees 
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Richardson's Modern Asphalt Pavements. . ; .8vo, $3 00 


Richey’s Building Foreman’s Pocket Book and Ready Reference, 16mi0, mor. 
~ Cement Workers’ and Plasterers’ Edition (Building Mechanics’ Ready 


MGIEPEMCH-CHPTINS) x65. os5 sce STIR UE POISED ceca od Ue dlee awe 16mo, mor. 
Handbook for Superintendents of Construction.. .16mo, mor. 
* Stone and Brick Masons’ Edition (Building Ee hanica’ Ready 
PR OPOMCO EESOE I gab Sees nid 4, odor © $i ok 18) store on, fo arte te 16mo, mor. 
* Ries’s Clays: Their Occurrence,. Properties, and Uses.. : .8vo, 
* Ries and Leighton’s History of the Clay-working Taduaiey of. the “United 
Rhea eats Matti Alt Ae ie nies Nrepekn tw eiasdis lereue nen aes ae ie 8vo 
Sabin’s Industrial and Artistic Technology of Paint.and. Varnish... 8vo, 
Bitten GTAP GK OP DIATOTIAL, a5 5. -i-'esctbiesn + 9:¥:0,0 nie cle SY Augie ee Re gene 12mo, 
SHOWS PEMEIPAL SHECIES: OF, WOO seincscenous are ase: ccos4 oie pueecee eee hee 8vo, 
wimieibclits GaP VOTAiC (© GMeNts cc ac nialct ois) ot0'a + lols. 0 sie dieiaine aiele ver lenets 12mo, 
Text-book on Roads and Pavements. . sie cael SIGs 
Taylor and Thompson’s Treatise on Concrete. Plain dna Reinforced heehee 8vo, 
-Thurston’s Materials of Engineering. In Three Parts.............. a6 6 ONO: 
Part I. Non-metallic Materials of Engineering and Metallurpy:. . -8Vvo, 
Part II. Iron and Steel.. cashake .8vo, 
Part III. A Treatise on Braases, ‘Brahives: and Other Aileye" and their 
TAS EITAL TNE Siecenc pei ehiadee le od Wo Eab ah eo al alice rua acpe orate lance ecete revere 8vo, 
Tillson’s Street Pavements and Paving Materials.................0%- 8vo, 
Turneaure and Maurer’s Principles of Reinforced Concrete Construction. 
Second Edition, Revised and Enlarged..................2.- 8vo, - 
Waterbury’s Cement Laboratory Manual.............ccccececccees 12mo, 
Wood’s (De V.) Treatise on the Resistance of Materials, and an Appendix on 
tne PTecOr va tiow- Ot Lit Oh. osc a sin.ey Sect pik iniea wine bos bias ca 8vo, 
Wood’s (M. ae Rustless Coatings: Corrosion and Electrolysis of Iron and 
Steel.. EE LUA Ro ear tneee are ca Ri eae one Pee spiacadet eet x dibdencieccusveMueiars BGR As: 8vo, 
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Andrews’s Handbook for Street Railway Engineers....... 3X5 inches, mor. 


Berg’s Buildings and Structures of American Railroads............... Ato, 
Brooks’s Handbook of Street Railroad Location................ 16mo, mor. 
Butts’s Civil Engineer’s Field-book.. ‘ Tus eb ease, ov LOMO, TOk. 
Crandall’s Railway and Other Earthwork 7, ables. . cep Waibtac aurea taetanive Oo MOy 

Transition Curve.. sus. We fase sel ODO THO 
* Crockett’s Methods for Barthwork onoate ican, sa ya FA AE OLA Sieuet HA ATONE 8vo, 
Dredge’s History of the Pennsylvania Railroad. (1879)................ Papert 
Fisher’s Table of Cubic Yards.. . Cardboard, 


Godwin’s Railroad Engineers’ Field- bose ‘and Hplorers’ Guides 16mo, mor. 

Hudson’s Tables for Calculating the Cubic Contents of Excavations and Em- 
EATUITEIERY ESais cro s au Acco vist al a to-a) nixcies ucasates "ayanalicle cael Ven caret tse’ eS Tere 8vo, 

Ives and Hilts’s Problems in Surveying, Railroad Surveying and Geodesy 


16mo, mor. 
Molitor and Beard’s Manual for Resident Engineers................. 16mo, 
Nagle’s Field Manual for Railroad Engineers..... ran Kini atau yar ols. ire 16mo, mor. 
* Orrock’s Railroad Structures and Estimates..............¢ee000+0+0+-8VO, 
‘Philbrick’s Field Manual for Engineers. . Piait e acuheraga eucnmeut gL TeO tr 


Raymond’s Railroad Engineering. 3 olnines: 
Vol. I. Railroad Field Geometry. (In Preparation.) 


Vol (ll. Blements of Railroad’ Pngineering sccswjcc cies sc be c's asre a 8vo, 
Vol. III. Railroad Engineer’s Field Book. (In Preparation.) 
Dearlee e Fieid PNGNeering. ooo s esses dee waes ceereceveae ses 16mo, mor. 
Railroad Spiral.. id ddht LOMO, anor. 
Taylor’s Prismoidal Formulz arid Barthwork, , .8vo, 
* Trautwine’ s Field Practice of Laying Out Circular ~Eugves ior SRaileoade; 
12mo, mor. 
* Method of Calculating the Cubic Contents of Excavations and Em- 
\ bankments by the Aid of ama Rae eatery Laka oir ne .8Vvo, 
Webb’s A pee of Railroad Construction.... ......... P itabes ‘T3m0. 
Railroad Construction. . vas .16mo, mor. 


Wellington’s Economic Theory ‘of thie Pecwtion’ of Railways. | Sots ake 12mo, 
Wilson’s Elements of Railroad-Track and Construction...............12mo, 
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* Bartlett's Mechanical Drawing............-+++sseeeeeeeee Lape 8vo, 3 

Fs APHOEEO Eels sccas ss desea cer Rew ke 

GsolidgesiMianwaliot Drawitiee. ss) -u ot vistcrote ones ele eres eleueiees 8vo, paper, 1 
Coolidge and Freeman’s Elements of General Drafting for Mechanical Engi- 

MIBEES ait iistomnice aarciohs Asha eta) mictenn she toe tthe aearets eaten eee Oblong 4to, 2 

Durley«: Kinematics of Machines s, <.000 cae ce ae ee eee 8vo, 4 

Emch’s Introduction to Projective Geometry and its Application...... 8vo, 2 

Brenchtand Ives “StencotGiiyen tus.. beeen cette wae cne ee Cb ee ere cletene ares 8vo, 2 

Hill’s Text-book on Shades and Shadows, and Perspective............... Svcs 

Jamison ’ssAdvanced Mechanical Drawing... 6: <. + swss sos uess> ssle amend Svo, 2 
Elements of Mechanical Drawing.:........cccccceccccecccceces 8vo, 2 

Jones’s Machine Design: ; 

Part I. Kinematics of Machinery.. eile Mites ae Svan OL 
Part II. Form, Strength, and Péoportione ‘ar ‘Parts’. vetoed See aren dst ey ORS 

Kimball and Barr’s Machine Design. (In Press.) 

MacCord's Elements of Descritpive Geometry.......0c.2ecceseees Te ONG, te 
Kinematics: or,-Practical Mechanism........ aso ssesscse sacs ee 8vo, 5 
MechantealeD ra wimis.cocsic acs os ieci a cusnareissenueis cue oun oe Zeneca Ato, 4 
MIGLODIE Wc DIA OT ATIG sn a3 cate jin acc uit asic eneveraiesepictotae Rise cin Stee SyvOr iL 

McLeod’s Descriptive Geometry...........2eecceee PP cep ue “Large 12mo, 1 

* Mahan’s Descriptive Geometry and Stone-cutting........eeeee2e00- SVO; oo 
Invdustrial Drawang,. (Cl) bOmpsOn)..cu.sctcce at some veaeetdies <tete chk cen OO nIamey 

PMOVver Ss) LIOSETi pts VE RRCOT CEL Y arise fan'ssin'e, ow vias 8 4 © Bk ec eeere Male ale Spat SVG; a2 

Reed’s Topographical Drawing and Sketching............ ns snd anak eee 4to, 5 

Reid *Course in Mechanical Drawing... ...... 05s eee eee bo olde eee eee 8vo, 2 
Text-book of Mechanical Drawing and Elementary Machine Design..8vo, 3 

‘Robinson’s Principles of Mechanism..............++ sid Mela ache anetineteee nee tee 8vo, 3 
Schwamb and Merrill’s Elements of Mechanism.. Tats Sisaronobastete teins SOON Ire 
smith (A. -W.) and Marx's Machine Desten:. 3. 0icuce toe tee ete tele rere aan 8vo, 3 
Smith’s (R. S.) Manual of Topographical Drawing. “(MeMillan).. Lf Pie Sv0, = 2 
* Titsworth’s Elements of Mechanical Drawing............... Oblong 8vo, : 1 
Warren’s Drafting Instruments and Operations...........0.0e0e00% L2moe ta: 
Elements of Descriptive Geometry, Shadows, and Perspective...... 8vo, 3 
Elements of Machine Construction and Drawing... 2 SRR SVG see. 
Elements of Plane and Solid Free-hand Geometrical Drewingit <vL2mo, ook 
General Problems of Shades and Shadows............-000+eeeees 8vo, 3 
Manual of Elementary Problems in the Linear Perspective of Forms and 
ne SGP LEY Wye siaice 2s ptt 0 elas 0 ydr0> a0 ere. ale aady'ol Bigs) patel WS NS ee ee One ees 12moyeek 
Manual of Elementary Proyection Drawine: shee cee fee ttre Sree 12mo;- 
Plane Problems in Elementary Geometry.. of 3 fe MDirio, - i 1 
Problems, Theorems, and Examples in Doateignere Gestaeiry =. Bae Svone2 

‘Weisbach’s Kinematics and Power of Transmission. (Hermann and 
> ESTE, asi sts ASHE Achy oe eePn pening von stcr eubisrbo Aye TIDE Ee See eee 8vo,- 5 

Wilson's (HH! M.):- Topographic Surveying... 20s weeks ces ts whee se oe eee 8vo, 3 

* Wilson's. (V. I). Descriptive GeoOmetry..... css <ceonee cece ocean BVO 
Free-hand Lettering........... a ats o Fis Siete Shee ee etateis ees Sis tetthects 8vo, 1 
Free-hand Perspective..........eccccercccscace eae ihe sere Meee 8vo, 2 

Woolf’s Elementary Course in Descriptive Geometry...........Large 8vo, 3 

ELECTRICITY AND PHYSICS, 

* Abegg’s Theory of Electrolytic Dissociation. (von Ende.).........12mo, *1 

Andrews’s Hand-book for Street Railway Engineering.....3X5inches, mor. 1 

Anthony and Brackett’s Text-book of Physics. (Magie.)....Large12mo, 3 

Anthony and Ball’s Lecture-notes on the Theory of Electrical Measure- 

MIENTSasti ie xtloes owk. ce saves shad Nsawsn euattatsietanel eaten) ayetTone SIP RONEN Cacsreecic L210; ook 

‘Bétijamin s+History Of Electricity.as ciccieinte sees ale ene eaene BS tty ees: 8vo, 3 

Voltaic Cell. 77. s.ee es .a 4A inh es Desks bie eae ee sa 6am ore Se A pak 


Betts’ s Lead Refining and Electrolysis... Mtg green beet wee “8vo, $4 oe 


Classen’s Quantitative Chemical ‘Analyéls by isctrotyae "(Boltwood. ).8vo, - 


* Collins’ s Manual of Wireless Telegraphy and Telephony. we tale es eee TIO! 
: ‘Mor 
Crehore and Squier’s Polarizing Photo-chronograph....... raid Seta P22 oS 8V¥o° 
* Danneel’s Eleetrochenustry.,  (Civerrinin.)?.. oct ee a et cee eo eee oe 12mo, 


Dawson’s ‘‘Engineering’’ and Electric Traction Pocket-book. ...16mo; ‘mor. 
Dolezalek’s Theory of the Lead secedanila tor (Storage Battery). (von Ende.) 


2mo, 
Duhem’s Thermodynamics and Chemistry. (Burgess.).. es ae es .8vo0; 
Flather’s Dynamometers, and the Measurement of Power.. taste? Panioe 
Getman’s Introduction to Physical Science........07...0? 7 eens 12mo, ° 
Gilbert’s De Magnete. (Mottelay).. PR tb seta tse ret RA i .8vo, 
* Hanchett’s Alternating Currents. . : ea Ek Le LAgme 
Hering’s Ready Reference Tables (Convetsing Ray Pree 16mo, mor. 
* Hobart and Ellis’s High-speed Dynamo Electric iaghinery Okra sta eons 8vo, 
Holman's.Precision of Measurementsigo.<.0 a+ s oem se bes ving cee ace use 8vo, 
Telescopic Mirror-scale Method, Adjustments, and Tests....Large 8vo, 
* Karapetoft’s Expérimental Electrical Engineering...............-..+.-.+-8VO, 
Kinzbrunner’s Testing of Continuous-current Machines............... 8vo, 
Latiwader's Spectrum Analysis: (Tingle). 0s ee es ee Sv0, 


Le Chatelier’s High-temperature Measurements. (Boudouard+Burgess.)12mo, 


L6éb’s Electrochemistry of Organic Compounds. (Lorenz).............. .8vo, 
* Lyndon’s Development and Electrical Distribution of Water Power. .8vo, 


* Lyons’s Treatise on Electromagnetic Phenomena. Vols, I .and II. 8vo, each; 


* Michie’s’ Elements of Wave Motion Relating to Sound and Light... .“.8vo, 
Morgan’s Outline of the Theory of Solution and its Results.......... 12mo, 
. * Physical Chemistry TOL, TULSCtLICAL, EATIGITIOEES.. ce sce pe eee one 12mo, 
* Norris’s Introduction to the Study of Electrical Engineering......... 8vo, 


Norris and Dennison’s Course of Problems on the Electrical Characteristics of 
Circuits and Machines. (In Press.) 


* Parshall and Hobart’s Electric Machine Design........... 4to, half mor, 
Reagan’s Locomotives: Simple, Compound, and Electric. New Edition. 
Large 12mo, 


* Rosenberg’s Electrical Engineering. (Haldane Gee—Kinzbrunner.). .8vo, 
Ryan, Norris, and Hoxie’s Electrical Machinery. Vol. I................8vo0, 


Schapper’s Laboratory Guide for Students in Physical Chemistry.....12mo, 
* Tillman’s Elementary Lessons in Heat............. Sieinie igs s < distate 8vo, 
Tory and Pitcher’s Manual of Laboratory Physics...... vote sarge leinio, 


Ulke’s Modern Electrolytic Copper Refining.........ccececcccccccee SVO, 


LAW. 


* Brennan’s Hand-book of Useful Legal Information for Business Men. 

16mo, mor. 
* Davis’s Elements of Law......... ack Wha Be-de wba tcih eagles Sia 
* Treatise on the Military Law ‘of Tate States Pe POON Perey 8vo, 
* Dudley's Military Law and the Procedure of Courts-martial..Large 12mo, 
Maanualdor Courts-miartial,. 2 cabs ¢ojd0s.0 67 ese ose area ‘892 orn'e LONG, INOS, 
Wait’s Engineering and Architectural Jurisprudence,..........+.++.+..8vo, 


Lawiot Con tractsiw-d. i auletied ss ehsi kemthagtuayt ekeacel hey tie PY A ay 8vo, 
. Law of Operations Preliminary to Construction in Engineering and 
Lt LORNA use edhe ateah vata Leib dunia Ct acha'se btn 04.0.0.00 sn 9's SONG, 
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Baker's Elliptic Functions......... pe ee ee ry nel 
Briggs’s Elements of Plane Analytic. Ae tema ‘(Bocher). v evleee ese L2mo, . 


* Buchanan’s Plane and Spherical Trigonometry.......cceseeceeeeee sSVO, 
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Byerley’s. Harmonic ‘Functions: . : «os oc «4 ds inode plein eia en es eee 8vo, 
Chandler’s Elements of the Infinitesimal Calculus.................-- 12mo, 
¥* -Coftin's: Veetor- Analysis). \. ass oie si ntie ssumate ain emerge Reka tet oie 12mo, 
Compton’s Manual of Logarithmic Computations.............-.+.-- 12mo, 
* Dickson's College: Algebeaiios. asco im se.entes cance rerier seja'e es cdsat ge.) 2m0; 
* Introduction to the Theory of Algebraic Equations......Large 12mo, 
Emch’s Introduction to Projective Geometry and its Application...... 8vo, 
Fiske’s Functions of a Complex Variable.............++0+++000- ee 
Halsted’s Elementary Synthetic Geometry...........-- eee ececcvees 8vo, 
elements ot GGOmetry, cx caisterelece aisiahs.eurieve alelsts ol tienes piop eet ea cie atone 8vo, 

* Rational Geometry..........eceeeecees Kinis phan esiets Biers iac aESw Rae 12mo, 
Synthetic: Projective. Geometry. .-... nicico.b.0c on seuss se mila swe 8vo, 
Hyde’s Grassmann’s Space Analysis...........0seeces eee ee eee seen: 8vo, 


* Johnson’s (J. B.) Three-place Logarithmic Tables: Vest-pocket size, paper, 
* 100 copies, 

* Mounted on heavy cardboard, 8 X10 inches, 

* 10 copies, 

Johnson’s (W. W.) Abridged Editions of Differential and Integral Calculus. 


Large 12mo, 1 vol. 


Curve Tracing in Cartesian Co-ordinates.......... s waetiue re oekeeke 12mo, 
Differential WavwAtions: «sey 2.00 acre. oo 6b oudpa ayhueiels > ukebeieisiy aceteremieieeee eee 8vo, 
Elementary Treatise on Differential Calculus..............Large 12mo, 
Elementary Treatise on the Integral Calculus............ Large 12mo, 
* Theoretical Mechanics. . SPRTAAP Aeon riyny. 
Theory of Errors and the "Method ‘of. Least Squares eA ete ft 12mo, 
Treatise on Differential Calculus.............ceceereeees Large 12mo, 
Treatise on the Integral Calculus...... ERS OP yy oF AE Large 12mo, 


Treatise on Ordinary and Partial Differential Equations. .. Large 12mo, 
Karapetoff’s Engineering Applications of Higher Mathematics. 

(In Preparation.) 

Laplace’s Philosophical Essay on Probabilities. (Truscott and Emory.).12mo, 

* Ludlow and Bass’s Elements of Trigonometry and Logarithmic and Other 


fT ADIOS Ge ceca: Sie csms a eck sgh GP sheve mie Bc aceon saegaeDOus Cacti auedelee vrs tete (eLearn ener 8vo, 

* Trigonometry and Tables published separately. ............-. Each, 

* Ludlow’s Logarithmic and Trigonometric Tables................... 8vo, 
Macfarlane’s Vector Analysis and Quaternions..... ahepevasicenurt otensncaer eae 8vo, 
McMahon: seH yperbolic Functions. cts cy isc as ton.s tees Spaneeevauers cde nein eae 8vo, 
Manning’s Irrational Numbers and their Representation by Sequences and 
MSBLICS cots a ss occuelare vats s.speyeacunit Gt sSaBe rare aes eee aaa ene 12mo, 

_ Mathematical Monographs. Edited by Mansfield Merriman and Robert 
SOW OGUWAL Ge wnteue oacvlcbe ais-o8) one Cage ene ehiahe pee yee eta Octavo, each 


No. 1. History of Modern Mathematics, by David Eugene Smith. 
No. 2. Synthetic Projective Geometry, by George Bruce Halsted. 
No. 3. Determinants, by Laenas Gifford Weld. No. 4. Hyper- 
bolic Functions, by James McMahon. No. 5. Harmonic Func- 
tions, by William E. Byerly. No. 6. Grassmann’s Space Analysis, 

“by Edward W. Hyde. No. 7. Probability and Theory of Errors, 
by Robert S. Woodward. No. 8. Vector Analysis and Quaternions, 
by Alexander Macfarlane. No. 9. Differential Equations, by 
William Woolsey Johnson. No. 10. The Solution of Equations, 
by Mansfield Merriman. No. 11. Functions of a Complex Variable, 
by Thomas S. Fiske. 


Maurer’s Technical Mechanics. . 2.3.3.5... ...20.s000s% Pi ihe ee ry ohio. 
Merriman’s Method of Least Squares......... Mei Wet hiek sot acon oes. 8v0, 
SOlUtion Of MOUAblONS.vs <crviereisi@ cieleista miele etelatoledeis Careicheys ox. ave .8vo, 


Rice and Johnson’s Differential and Integral Caloulin 2 vols. in one. 
Large 12mo, 
Elementary Treatise on the Differential Calculus. ........Large 12mo, 


Smith’s History of Modern Mathematics.......... a Sse ees . 8vo, 
* Veblen and Lennes’s Introduction to the Real Infinitesimal Apalveis of One 
Variable: Fini ced cso cake en ce ie cas nie wees rae ee 


* Waterbury’s Vest Pocket “Hand- book of Mathematics for Engineers. _ 
2% X 53 inches, mor. 
Weld’s Determinants. ...........-.- wayerelaaciatard w Biv oa Gk Rtese Male eats Gas ea 
Wood’s Elements of Co-ordinate Geometry. .. . cece cece cece veccevee BVO, 
Woodward’s Probability and Theory of Errors... ...cceesccecevecees eOVO, 
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MECHANICAL ENGINEERING, 


MATERIALS OF ENGINEERING, STEAM-ENGINES AND BOILERS. 


WIRE BeEOL OME MERCUMORS A100 6 wis sc ae SCO aw ed be LOR Cw Sale bdadey ORs. 12mo, 
Baldwin’s Steam Heating for Buildin oe taken ON ane Meee eh aaron e 12mo, 
Barr’s Kinematics of Machinery...............000. gash aretihoua iat Per mes 8vo, 
* Bartlett’ s Mechanical IDFA WAT Ry scene eae Raton cea s epee. am 8vo, 
* Sn. BN A UBS BU aid ase a ack aualdsiabe W Oiedecy oe 8vo, 
* Burr's Ancient and Modern Engineering and the Isthmian Canal. . .. .8vo, 
Carpenter's Experimental Engineering. 000.66... cece cos conv adeebios 8vo, 
Heating and Ventilating Buildings. nc. . tivicms Ges Wieleis ww ce see seal 8vo, 
Clerk’s Gas and Oil Engine. (New edition in press.) 
Compton’s First Lessons in Metal Working. ............0.000ceeeeee 12mo, 
Compton and, De Groodtis Speed: Lathe. s isic ce wine ees wen doe a wheels bes 12mo, 
Coahave suMiantial Of Dra wanes sien 2ihhs sala tds Pease teccoustpad siete: 8vo, paper, 
Coolidge and Freeman’s Elements of Geenral Drafting for Mechanical En- 
UN GOCES = area Baa ofall) Binip ois Oe a es brates gr eeahea pode aa Oblong 4to, 
Cromwell's: Treatise on Belts and: Pulleys, wi... 6600 cdi cles ele be e010 12mo, 
Treatise oni Loothed Geary ix. cic é osu cio le os So coveliecapel die royeite diarere Gos 12mo, 
Dingey’s Machinery Pattern Making... .......00ccceeeeeeeee her eg 12mo, 
Dirley sekinematicsvof. Machines s £'scia-c186. 2 aivieieta hiss aie 0is.00 bua & khelelcdel an ace 8vo, 
Planders's:Gear-cutting, Machineryscc }<.oshss is +s sua 4 de Bo wares Large 12mo, 
Flather’s Dynamometers and the Measurement of Power............ 12mo, 
ENG Mr oe restrain aio tale ASH a mp bieclic op Hota le) alee vsifaual'o snaps bot » (oes 12mce, 
Gill’s Gas and Fuel Analysis for Engineers. . .........0-00ccceceees 12mo, 
OES SL OeOMOL Vel Spans. sti Pos cays Gals aia, ease bie alo hee eet ereeda cide zute 8vo, 
' Greene’s Pumping Machinery. (In Preparation.) 
Hering’s Ready Reference Tables (Conversion Factors)........ 16mo, mor. 
* Hobart and Ellis’s High Speed Dynamo Electric Machinery. ........ 8vo, 
lett tote Gase ltr iney i.te, sierars ae ioae ls Ee aa MO ae a te 8vo, 
Jamison’s Advanced Mechanical Drawing: 2.065000 00 «simeierieds sigiv ales 8vo, 
Elements of Mechanical Drawing. . s ssins susie ume dues ehh ahi ore Be 8vo, 
ponen 5 Cled Rogines ania licen saints dai-ieulale ss oye ea bata BBs unin Mh cibcovald 8vo, 
Machine Design: 
Part I. * Kinematics of Machinery. ............cc0cs So caeye set adeihs 8vo, 
Part II. Form, Strength, and Proportions of Parts............. 8vo, 
Kent’s Mechanical Engineer’s Pocket-Book............ aS Ver dice 16mo, mor. 
Kerr’s Power and Power Transmission. . .........+.+6. POC ST rion 8vo, 
Kimball and Barr’s Machine Design. (In Press.) 
Wevin’s Gas Engine: ..(In Press.) i)..54. dass 08 Way cca a hhsrel eres a mites See 8vo, 
Leonard’s Machine Shop Tools and Methods. . 0.1.2... .ccneucescces 8vo, 
* Lorenz’s Modern Refrigerating Machinery. (Pope, Haven, and Dean)..8vo, 
MacCord’s Kinematics; or, Practical Mechanism.......... a biahoyteneeteee 8vo, 
Mechaniealt Drawitiersct pelet doves pointe. 0 2+ + wkeselepsrayh asus we She aloha Ato, 
Welociera ios rats tity stare erases glad Saale, a & 5.01.5 eue"sne)eiWne fa3)s, eceser ere leveke 8vo, 
MacFarland’s Standard Reduction Factors for Gases........ ae ThaiLSvo; 
Mahe Ss Lndustrial Drawing, (LHOmpson:) >) < . sis es isis os oo oo nitmandis 8vo, 
Mehrtens’s Gas Engine Theory and Design................- . Large 12mo, 
Oberg siHandboolsof Small Lools.. xcis a... cide were a arta « Sarg ateroros Large 12mo, 
* Parshall and Hobart’s Electric Machine Design. Small 4to, half leather, 
Peele’s Compressed Air Plant for Mines... .....0ce0cssceenes ra Ne 
Poole s:Calarific- Power of Fuels . i256 ¢ 4008 /oe SRG 5 260 blaitele ® eS ett 8vo, 
* Porter’s Engineering Reminiscences, 1855 to 1882............00000. 8vo, 
Reid-s'Course-in Mechanical Drawing, < v.5 . ios 6 us cielo d dice sidlale bie do lok 8vo, 
Text-book of Mechanical Drawing and Elementary Machine Design.8vo, 
Richards’s Compressed Air...........- Biers. <e Wla ese MEM a0 lal oN 12mo, 
Robinson’s Principles of Mechanism... . ....ssscccscccsscccscvce -- -8VO, 
Schwamb and Merrill’s Elements of Mechanism. ............0.- Jat. uw SVGF 
Smith (A. W.) and Marx’s Machine Design....... Mueuiaaied. ee ox . .8vo, 
Smith's (O;) Press-working of Metals... i... 0is5 ccc cee tees celcac wien 8vo, 


Sorel’s Carbureting and Combustion in Alcohol Engines. (Woodward and . 


BP POSTOIN) clita raoletetatetotets'o*s Ripanawerelele wade e dele die chtetsvs ie RUMAT RSMo, 
Stone’s Practical Testing of Gas and Gas Meters. 6000 cvsvnegedvsce ss SVO, 
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Thurston’s Animal as a Machine and Prime Motor, and the Laws of Energetics. 


12mo, 

Treatise on Friction and Lost Work in Machinery and Mill Work. . .8vo, 

* Tillson’s Complete Automobile Instructor. ...........0.00+.-000- 16mo, 

* Titsworth’s Elements of Mechanical Drawing............... - Oblong 8vo, 
Warren’s Elements of Machine Construction and Drawing............ 8vo, 


* * Waterbury’ s Vest Pocket Hand-book of Mathematics for Engineers. 
22 X 5% inches, mor: 
Weisbach’ s Kinematics and the Power of Transmission: Spader 


Wiel Janets ee hea kaa s bbs fein ewan ) a es ee 8vo, 
Machinery of Transmission sad Governors. ( Bletnuatin oe Releay ). .8vo, 
Wood's Turbines. 16.6 csc ccc sc cee cece seve te resseccseesensverons 8vo, 


MATERIALS OF ENGINEERING. 


* Bovey’s Strength of Materials and Theory of Structures............ 8vo, 


Burr’s Elasticity and Resistance of the Materials of Engineering. ...... 8vo, 
Chureh’s Mechanics of Engineering. ¢ sss... snide we ws 6.08 vole sini eee 8vo, 
Greene s otructural Mechanies: 6.02 3) (20S ie, SR, eee 8vo, 
~tlolley saceau sand Zine: Piementsm & hin w rehab deka o eae Large 12mo 
Holley and Ladd’s Analysis of Mixed Paints, Color Pigments, and Varnishes. 
Large 12mo, 
Johnson’s (C. M.) Rapid Methods for the Chemical Analysis of Special 
Steels, Steel-Making Alloys and Graphite........... Large 12mo, 
Johnuson's*(J: 'B:)-Materials of Constructionsan ii to. tenis oon 8vo, 
Keeps Cast Tron ' 28) ..o a Pe eee SAS RR re ts Eee ee 8vo, 
Wanza:stApplied Mechanics rs fe 6d tcl veisee acs sec ais Sctal oat oh wre sae Re TE 8vo, 
Maire’s Modern Pigments and their Vehicles. ...............--2.00-- 12mo, 
Martens’s Handbook on Testing Materials. (Henning.).............: .8vo; 
Marrer’s”léchincal Mechantcses. 202.2 racic ee toa cre ae tie ake Be Ea ee 8vo, 
Merriman 's*Mechanicsot Materials: dot has meets i ak wee ee 8vo, 
aStrenethiol Materiales 26 Fe Hed ee ae eee eens EE 12mo, 
Metcalf’s Steel. A Manual for Steel-users.: 20. .001. 00.00.0000 0. oe 12mo, 
Sabin’s Industrial and Artistic Technology of Paint and Varnish.. .... 8vo, 
Smuch’st(As We Materials of Machinésii .i3.)e ae okie oie eee 12mo, 
Smith s#Che bh) Strength of Material... jc. 5 etc neste eee 12mo, 
Thurston’s Materials: of Engineering: 2205. . P. 3 vols., 8vo, 
Part I. Non-metallic Materials of Engineering, ..............2. ..8vo, 
Part [1s *wlron’and"Steeli.. oo sb Fa ee aes eee 8vo, 
Part III. A Treatise on Brasses, Bronzes, and Other ‘Alloys and their 
Cons tlttenits ras Aas Pe AL ic OER 1S a 8vo, 
Wood’s (De V.) Elements of Analytical Mechanics. ............0.-06- 8vo, 
Treatise on the Resistance of Materials and an Appendix on the 
Preservation Of Timbers 13 nee ie oes oe es eet ok ee 8vo, 


Wood’s (M. P.) Rustless Coatings: Corrosion and Electrolysis of Iron and . 
ECOL Ey atatc sais cig ahd wi dee cow a niey cee eae wr OG vats sk Bvoy 


STEAM-ENGINES AND BOILERS. 


Berry's. Temperature-entropy. Diagram....... . v.25 «+ sen dwiebiais cleo gis 12mo, 
Carnot’s Reflections on the Motive Power of Heat. (Thurston.).....12mo, . 
Chase's, Art of Pattern Making, «.i0c.n40c4) Cadoweehh teria 12mo, 
Creighton’s Steam-engine and other Heat Motors..............- . .8vo, 
Dawson’s “‘ Engineering’’ and Electric Traction Pocket-book. . “era mor, 
Ford’s Boiler Making for Boiler Makers................ é Sel picte paar Fosse ae 
* Gebhardt’s Steam Power Plant Engineering...............+eeecees 8vo, | 
Goss's. Locomotive-Periormance.........2% staal Senet ante eae Se 8vo, 
Hemenway’s Indicator Practice and Steam-engine HCONOM Vines. pperee tl LTO, 
Hutton’s* HeatearidHeéat-enginesi. acne <le sisi Sven's reyes & dicrele store usa SVOp-) 
Mechanical Engineering of Power Plants............... 0 o.5 same, 
Kent’s Steam boiler Economy....... Se eT i> skh tS genoa degen 
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Kneass’s Practice and Theory of the Injector................ vee) LVO: 
MacCord’ sigide-valves, 25.00) iis ectcic ec a cteeie He Ride 3s share Sudintene sip alana es BVO: 
Meyer’s Modern Locomotive Construction. ....... Cae ® Reicialv-e i clece bee agheey, 
Moet s Steamy DUrbitie. si. eens <a siriee's «cate Sie he arp aw Cail wae ns ASCE 8vo, 
Peabody’s Manual of the Steam-engine Tndicditor Br aias phichavakan tant eng fares! tants 12mo, 
Tables of the Properties of Steam and Other Vapors tad Temperature- 
TURES RIES reser fk slags sinlx 0 Ss 4g» Sb ere ere ee ee ee ’ .8vo, 

- Thermodynamics of the Steins -engine and Other Heat-engines. . . .8vo, 
Walve-cears for Steami-engines, 705 0c ee ee bees eb es LA ».8v0, 
Peabody airy Willer Ss StCAnPOOUEIS ic So eee ods ce eT ee Re 8vo, 
'Pupin’s Thermodynamics of Reversible Cycles in Gases and Saturated Vapors. 
COIStEP Bere ic ae tates tite ereieniens muatete ate site ae oe ne ats erie eee 12mo, 


Reagan’s Locomotives: Simple, Compound, and Electric. New Edition. 


Large 12mo, 

Sinclair’s Locomotive Engine Running and Management............ 12mo, 

_Smart’s Handbook of Engineering Laboratory Practice. ............ 12mo, 

"Snow Ss Steam-boier Practice.” .°. ve a. os esd e's Pheyciche Neh weet Mk gon ee te 8vo, 

Spangler’s Notes on Thermodynamics... .. Saher wats e eda aie eA, 

VIVE CALS Me oe lous free ere amare are arate. sana tene bone Stee pola tthe. ee ee meee 8vo, 

Spangler, Greene, and Marshall’s Elements of Steam-engineering...... 8vo. 

PHHOMISS SRS LEAT TULOULeS: Sree a ane eee cle ee ee eee ao clials Re ein 8vo, 

Thurston’s Handbook of Engine and Boiler Trials, and the Use of the Indi- 

GxAtor ane toe Promy Drak6;...4. ere cle ce eeu ae mica tric BNP 8vo, 

ETaatcry rhea este re cote ce nies ona athe k etlae Seas Maa ahh tet alee eae 8vo, 

Manual of Steam-boilers, their Designs, Constructee: and Operation 8vo, 

Manual of the Steam-engine........... LE aa ees err et FAS 2vols., 8vo. 

Part Ie ‘Hustory, Stracture, air t beory: 2 fii. . s « «) viersiate oa 8vo, 

Part IL.~"Design, Construction, and Operation.../.......... 8vo, 

Steam-boiler Explosions in Theory and in Practice............. 12mo, 

Wehrenfennig’s Analysis and Softening of Boiler Feed-water. (Patterson). 
’ 8vo, 

Weisbach’s Heat, Steam, and Steam-engines. (Du Bois.).. 3 .8vo. 

Wihithanr Ss Stedin-enaime Lester. st cst. aerate citis whales andtetle cra overuse there if Ae. 


Wood’s Thermodynamics, Heat Motors, and Refrigerating Machines. . .8vo, 


MECHANICS PURE AND APPLIED. 


Church’s Mechanics of Engineering... ..........2- WS. LORS Piet .8vo. 

*Notes nudvl xampiles iti Mechantes! > [yee Se Pe I PO 8vo. 
Dana's Text-book of Elementary Mechanics for Colleges and Schools .12mo, 
Du Bois’s Elementary Principles of Mechanics: 


Meoleeles PIGITICINA BICSS 42 se lend ede hate wc Sieieyeh earake Het) ong oe eras 

Mol LES uStatiosiairmcvisr. cal ceca teres Sara tatnee tatshath ip renlgene 8vo, 

Meéehanies of Engineering. Volt lessiinita 0. ae See 3 Small 4to, 

Mle di bites $94 ie ere nate oe Small 4to, 

* Greene’s Structural Mechanicsi/, . yanitieis.t. Bold. den. PEE. . VaR 8vo, 
James’s Kinematics of a Point and the Rational Mechanics of a Particle. 

Large 12mo, 

* Johnson’s (W. W.) Theoretical Mechanics............. ove tHE. < 12mo, 

Me AE a LEC VUCCULATIACS oy aie'd. ss sitsahal bse dlere fale elove,eidlaliqyeie chaiese 4 «trate tte 8vo, 

* Martin’s Text Book on Mechanics, Voi. I, Statics................% 12mo, 

, * Vol. II, Kinematics and Kinetics.12mo 

Maurer’s Technical Mechanics.......... Be. 6 SCAAR HIST, JOP 8vo, 

*; Morrimants Elements of .Mechamicss oc. oo cca! v0. o:ss0dstatals daub vile elet stern 12mo, 

Mechanics Of: Materials. dissec ier wroiete 4 Wahcdattve che Upuhavtias | ote 8vo, 

* Michie’s Elements of Analytical Mechanics.........0cccceececvcees 8vo, 

Robingen/s+ Principles of Mechanism joc). Wa fle Foe. eR ees 8vo, 

Panbomia Mechatites PrOPIGOIS:. vrs. check pic vapeenedeess eae . Large 12mo, 

‘Schwamb and Merrill’s Elements of Mechanism. ..........eeceseeees 8vo, 

Wood’s Elements of Analytical Mechanics, .........ccccscecscsceees 8vo, 


‘Principles of Elementary Mechanics........seeccesseescevvesel2mo, 
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MEDICAL. 


* Abderhalden’s Physiological Chemistry in Thirty Lectures. (Hall and 


WL SEts Yi: 2's’ «. «cha ees Ss nthe et eens diated caseane 8vo, $5 00 
von Behring’s Suppression of Tuberculosis. (Bolduan.)............ 12mo, 1 90 
Bold tian 6 lirmamiine Serials css - ays ant arch yay Stosilch =p lislinns int oases Maite injielenaceeesabalak ie 12mo, i 50 
Bordet’s Studies in [mmunity. (Gay). (In Press.) . .. <2. s:0 species et 8vo, 
Davenport's Statistical Methods with Special Reference to Biological Varia- 

TOSS okey bla deh saca re cus aed s ia a wepianw ota canoreo gale keles a Ma ahaa 16mo, mor. 1 50 
Ehrlich’s Collected Studies on Immunity. (Bolduan.)............... 8vo, 6 00 
* Fischer’s Physiology of Alimentation..............--.s-2ee00- Large 12mo, 2 00 
de Fursac’s Manual of Psychiatry. (Rosanoff and Collins.)....Large 12mo, 2 50 
Hammarsten’s Text-book on Physiological Chemistry. (Mandel.).....8vo, 4 00 
Jackson’s Directions for Laboratory Work in Physiological Chemistry. .8vo, 1 25 
Lassar-Cohn’s Practical Urinary Analysis. (Lorenz.)............... 12mo, 1 00 
Mandel’s Hand-book for the Bio-Chemical!l Laboratory.............-- 12mo, 1 50 
* Pauli’s Physical Chemistry in the Service of Medicine. (Fischer.)..12mo, 1 25 
* Pozzi-Escot’s Toxins and Venoms and their Antibodies. (Cohn.)..12mo, 1 00 
Rostoski's' Serum. Diagnosis... (Bolduan,).. <0. sco simp ncn oe, 0 os 12mo, 1 00 
Ruddiman’s Incompatibilities in Prescriptions.............e+e-eceee- 8vo, 2 00 

Wi yS1tl Pe Narinacyi. «. des ats «ecusve eeoens Fes simaeseucbaus Ie aN ee Ae a 12mo, 1 00 
Salkowski’s Physiological and Pathological Chemistry. (Orndorff.) ....8vo, 2 50 
* Satterlee’s Outlines of Human Embryology. .............eeeeee0- 12mo, 1 25 
Smith’s Lecture Notes on Chemistry for Dental Students...........-. 8vo, 2 50 
S Wiinples\) vy Hpoid. Revert: . 6 saiascld susie a ccessssutloush Gever® aise lores Large 12mo, 3 00 
Woodhull’s Notes on Military Hygiene.............cceeceee sapere eels 16mo, 1 50 

Me Personal FLY p1en@i Soke syeedtt sos jasc x sralereucicaatm seus cuchaie aimee tenes 12mo, 1 00 


Worcester and Atkinson’s Small Hospitals Establishment and Maintenance, 
and Suggestions for Hospital Architecture, with Plans for a Small 
ETOSOitalec tp! ucie actdie ries s: oars rareia hao nrenalie celle neiaide Tonenevele a Cire anea eee ALE 


METALLURGY. 
Betts’s Lead Refining by Electrolysis. ......seeeeeeeee: sae a OVOY 
Bolland’s Encyclopedia of Founding and Dictionary of Mouinders Terms used 
m ithe. Practice of. Moulding) 2esswowds. sles ERR 12mo, 
Tron: Pounder, ...'...'s.0r 55k s.s + 2 eee eked bw Ea ern Come 12mo, 
i Supplement, jiaieads Pe.os Hew a Sed MAREE eee 12mo, 
Douglas’s Untechnical Addresses on Technical Subjects............. 12mo, 
Goesel’s Minerals and Metals: A papa Book. |. creek 16mo, mor. 
Salles svveatiasmel tien, sfi-svc acess Cs Cais biaaeie abeieaee cretene Siete ee ere oes 12mo, 
Johnson’s Rapid Methods for Me Chemical Analysis of Special Steels, 
Steel-making Alloys and Graphite. .............e000- Large 12mo, 
PROCS Cosette ipo ht. geile chore | ad was vA RS ve eens FE SOs Cee 8vo, 
Le Chatelier’s High-temperature Measurements. (Boudouard—Burgess.) 
12mo, 
Metcalf’s Steel. A Manual for Steel-users.........0ccceccceccceses 12mo, 
Minet’s Production of Aluminum and its Industrial Weel! (Waldo.). . 12mo, 
Ruer’s Elements of Metallography. (Mathewson)..........eeseeeees 8vo, 
Smith's Materials of MachinesAi nck ks . SRA ee hd 12mo, . 
Tate and Stone’s Foundry Practice........2...eeceee- SEAN eee 12mo, 
Thurston’s Materials of Engineering. In Three Parts...............: 8vo, 
Part I. Non-metallic Materials of Engineering, see Civil Engineering, 
page 9. 
Part. Iron.and :Steel..2... cm eee an a eee eee vt. EBVO 
Part III. A Treatise on Brasses, Bronzes, and Other Alloys and their 
Constituents. J. kD Oe. FR vw eee eee Shichi shistteS VO} 
Ulke’s Modern Electrolytic Copper Ee RP ahate sic thelatels oie ols cla mt stant eee 
West’s American Foundry Practice.. Baie Wie ef eisuslieieye Sialwiane elev aie eieve lends Tans 
Moulders’ Text Book. ......esseeee. dob, S creieins se Fan o's oc eleve.w eee ee 
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MINERALOGY. 


Baskerville’s Chemical Elements. (In Preparation.). 


Washington’s Manual of the Chemical Analysis of Rocks. , ,1++++++++.8VO, 


MINING. 

* Beard’s Mine Gases and Explosions. ..... (200s pas 0 HaNaes averse LIM; 
Boyd’s Map of Southwest Virginia............eccsee0. Pocket-book form, 
PAC TAPE CTO AIT (OTL VETER gla one 5 ove deeb eles clea acape tcaiots. el ciate dew eie ape te eas 8vo, 
* Index of Mining Engineering Literature...............20ce000. 8vo, 

* 8vo, mor 

Douglas’s Untechnical Addresses on Technical Subjects............. 12mo, 
iHissler s Moder Tigh HX DIOSIVES:. 1. qc:cterdctets a +0 «ce wiete's edit eee onesie 8vo, 
Goesel’s Minerals and Metals: A Reference Book.............. 16mo, mor, 
Riess sprees NCR ECWLe Oe LATENT a UNIO. RI PT IG ata te, 8vo, 
Ph Mp MURR PER SENSO CANN IDS yraike vette nr seira “a novos 2 ROUTAN EDM Des le Me's SSSR 12mo, 
Peele’s Compressed Air Plant for Mines. .......... 0.0.00 cece cece eee 8vo, 
Riemer’s Shaft Sinking Under Difficult Conditions. (Corning and Peele) .8vo, 
* Weaver's ‘Military Explosives. ......d202. 0. 000 UR 8vo, 
Wilson’s Hydraulic and Placer Mining. 2d edition, rewritten....... 12mo, 


Treatise on Practical and Theoretical Mine Ventilation ........12mo, 


17 


Boyd’s Map of Southwest Virginia...............0..00. Pocket-book form. $2 00 
* Browning’s Introduction to the Rarer Elements. .................. 8vo, 1 50 
Brush’s Manual of Determinative Mineralogy. (Penfield.)............ 8vo, 4 00 
Butler’s Pocket Hand-book of Minerals... ...............000- 16mo, mor. 3 00 
‘Chester's Catalogue of Minerals.....o8. weds dienes Veet eee 8vo, paper, 1 00 
Cloth, 1 25 
Wea OIE “ATIC “OTE VET, (36.5 (ate “5 41a "ales 1s ao 0 ala le’slo or Pee TO a ew en 8vo, 5 00 
Dana’s First Appendix to Dana’s New “System of Mineralogy’’..Large 8vo, 1 00 
Dana’s Second Appendix to Dana’s New ‘‘System of Mineralogy.”’ 
Large 8vo, 
Manual of Mineralogy and Petrography...............0ec eee. 12mo, 2 00 
Minerals and How: to Study Them... 5250000 6..c202000c0e0es 12mo, 1 50 
Syctem of Mineralogy) s24 2403608 0564045 500% Large 8vo, half leather, 2 50 
Text: hook or Mineralogy: .%.'o o6.1. wid ee bees ee cee ee ee be ee 8vo, 4 00 
Douglas’s Untechnical Addresses on Technical Subjects............. 12mo, 1 00 
Wakie'o Minera LaDies 7a... Ter er. oh Le ee I eae te PP eo. Soe 8vo, 1 25 
Eckel’s Stone and Clay Products Used in Engineering. (In Preparation). 
Goesel’s Minerals and Metals: A Reference Book.............. 16mo, mor. 3 00 
Groth’s Introduction to Chemical Crystallography (Marshall)........ 12me,," 1 25 
* Hayes’s Handbook for Field Geologists..................... 16mo, mor. 1 50 
Driers Se PP ieOise OCIS 2c) an oi wcts. scores SiGe ol fella ol Slever'ans, ite @ oneaee! a stoetelieie 8vo, 5 00 
ROCKS MIN Gta sme conte ie MR Te ee Ae Pan Sie oe Te 8vo, 5 00 
Johannsen’s Determination of Rock-forming Minerals in Thin Sections. 8vo, 
With Thumb Index 5 00 
* Martin’s Laboratory Guide to Qualitative Analysis with the Blow- 
1 Oat rca eal ee OY et ei ar ae te rg Raat SO Seach uP 12mo, 60 
Merrill’s Non-metallic Minerals: Their Occurrence and Uses........... 8vo, 4 00 
Stones-for Building and Decoration:.; ..:.65070 S200. 2 SI. 8vo, 5 00 
* Penfield’s Notes on Determinative Mineralogy and Record of Mineral Tests. 
8vo, paper, 50 
Tables of Minerals, Including the Use of Minerals and Statistics of 
Wemestic:Productione. 43 fas hes Oern os eee ees Ree eee 8vo, 1 00 
J<Pirsson's’ Rocks and Rock Minerals SP PIs Ss ek elec de dee 12mo, 2 50 
* Richards’s Synopsis of Mineral Characters... ............... 12mo, mor. 1 25 
* Ries’s Clays: Their Occurrence, Properties and Uses................ 8vo, 5 00 
* Ries and Leighton’s History of the Clay-working Industry of the United 
NT CN EAC ae Oe RR ECR CE he MRT Poe gh rl rat APM ah ae ot Rae trp nel 8vo, 2 50 
* Tillman’s Text-book of Important Minerals and Rocks.............. 8vo, 2 00 
2 00 
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SANITARY SCIENCE. 


Astorlation of State and National Food and Dairy Departments, Hartford. 


Meetings L906. isis oes sia-p mo oe.n a0. 0l6 ScoRpheeaeame Th dumieatekieht<te COND: 
_ Jamestown Meeting, 1907............ Seat saeds ai tans Wabiwietite awe 
* Bashore’s Outlines of Practical Sanitation. ........... dh erg elle ys ole wb 2IIO, 
Sanitationsef a Country House, ... .... scene hls-kes cas baad dtc 
Sanitation of Recreation Camps and Parks, . ep Te .12mo, 
Folwell’s Sewerage. (Desighifg, ‘Construction, and Maintenance. a Bhi 8vo, 
Water-supply Effineering. ..............-. Lovet talace ianeeale Tie Rivne tee SAVY 
Fowler’s Sewage Works Analyses... .......62..2-8. Glo whines by ohemab ave 12mo, 
Fuertes’s Water-filtration. Works. ...........200% Me mas eetecwis ane ee: 12mo, 
Wratemance Public ElGAlt ivan tac steteh\.ceves i» oiecre ov leveusiniotcieusietete ieee 12mo, 
Gerhard’s Guide to Sanitary Inspections............ ays Wena sade Wye .diel emo, 
* Moder Baths:and: Bath: Honsessj.cc. Sxastht aides ke pate teva road 8vo, 
Sanitation of Publis Baildingss..\V ch oa. i nikss eee jronesi dt Me 12mo, 
Hazen’s Clean Water and How to Get It........ ae oe . Large 12mo, 
Filtrationio£ Public ‘Water-siampliesmal set = cays ciserti yh. dette once 8vo, 
Kinnicut, Winslow and Pratt’s Purification of habecgey (in Preparation.) 
Leach’s Inspection and Analysis of Food with Special Reference to State 
COTUTO ley reves f° tue 18 Wee BM ee tote Be. OF ee te ele ie 8vo, 
Mason’s Examination of Water. (Chemical and Bacteriological)..... 12mo, 
Water-supply. (Considered principally from a Sanitary Standpoint). 
8vo, 
* Merriman’s Elements of Sanitary Engineering. .............0+0000+ 8vo, 
Usdenc Sawer Congtrsction: (0 <i asidek ewe aksh Gash d seein o eth 8vo, 
DEW ETH) Set Otuewe rama.) aa keys shabcwstct lie saahoval apes ch clade h op wou ak 12mo, 
Parsons:s Disposal of Municipal Refuse, cj si.cie cer « sptheremle «| abepece sree one -8vo, - 
Prescott and Winslow’s Elements of Water Bacteriology, with Special Refer- 
ence to Sanitary Water Analysis. ............6. his pel Sus Sunhers 12mo, 
Price suMlandbookion SanltatiOn, o1o.s-can snueteiee ita. Rieecieaneeen A 12mo, 
Richards isiGostiot Cleammess. gt iu -sdecst poser didsseeots Avni d ele ero ees 12mo, 
Cost ote Opn | Aj Study im Dietaries: 5... oes yo ciaiete bwin sere 12mo, 
Cost of Living as Modified by Sanitary Science................ 12mo, 
COStIGt OMEMten narartr hres eS uatieue toma eae tes as @eewiotuveld> opiate 12mo, 
* Richards,and Williams's Dietary Comiputersti ten. it. Seats fake cals de 8vo, 
Richards and Woodman’s Air, Water, and Food from a Sanitary Stand- 
POTING hss so See, Ds fomgeael Se bees cimctld  ecee s apeerute eoree ee plane der ances 8vo, 
* Richey’s Plumbers’, Steam-fitters’, and Tinners’ Edition (Building 
Mechanics’ Ready Reference Series)... ..........---16mo, mor. 
Rideal’s Disinfection and the Preservation of Food... .........eeee0: 8vo, 
Sewage and Bacterial Purification of Sewage. .......... Leste ase 8vo, 
Soper’s Air and Ventilation of Subways... sss. sae. tassvecese een ore 12mo, 
Turneaure and Russell’s Public Water-supplies. ...........eeeeeeeee- 8vo, 
Venable’s Garbage Crematories in America. ... .........cccesececces 8vo, 
Method and Devices for Bacterial Treatment of Sewage.......... 8vo, 
Ward and Whipple’s Freshwater Biology. (In Press.) 
iWintpple's Macroscopy of Drinking-water:).....<.<cccssecscscse counee 8vo, 
a NOT CW CLE... icin eeiele cet oe te cetera eae reeere .....-Large 12mo, 
Velie ofPute. Water: i visi sciscssse ceuGneee set .....Large 12mo, 
Winslow's Systematic Relationship of the Coccacee...........Large 12mo, 


MISCELLANEOUS. 
Emmons’s Geological Guide-book of the Rocky Mountain Excursion of the 
International Congress of Geologists. .........0220000- Large 8vo. 
Ferrel’s Popular Treatise on the Winds. ...........eeecceeee olatseate BVO; 
Fitggerald’s Boston,Machinisty 0. .cas. an Rate Sea S isto ints « samy 
Gannett’s Statistical Abstract of the World............. we Sekkhoe tame; 
Haines’s American Railway Management... ........20-seeeeeee ...12mo, 


Hanausek’s The Microscopy of Technical Products. (Winton).......8Vvo, . 
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Jacobs’s Betterment Briefs. A Collection of Published Papers on Or- 


PAiZee LA GUSPriAl sMINCIENCWe"Th.. cise v Siulaisiaterese! ele Aes ahohe bears > 8vo, 
Metcalfe’s Cost of Manufactures, and the Administration of Workshops..8vo, 
Rarbuaiese artical @ DAT tse co fe. eurels aie lttcle aosket Os skcons ona 0 hsp wer oles Sap 8vo, 
Ricketts’s History of Rensselaer Polytechnic Institute 1824-1894. 

Large 12mo, 
Rotherham’s Emphasised New Testament. ...............-05- Large 8vo, 
Rust’s Ex-Meridian Altitude, Azimuth and Star-finding Tables........ 8vo, 
Standage’s Decoration of Wood, Glass, Metal, etc.................. 12mo, 
Thome’s Structural and Physiological Botany. (Bennett).......... 16mo, 
Westermaier’s Compendium of General Botany. (Schneider)......... 8vo, 


Winslow’s Elements of Applied Microscopy............s.eesseeeees 12mo, 


HEBREW AND CHALDEE TEXT-BOOOKS. 


Gesenius’s Hebrew and Chaldee Lexicon to the Old Testament Scriptures. 
Wirereiless) trie do mer.ccieiaeters Wrenstas, daa ates Small 4to, half mor, 
Green’s Elementary Hebrew Grammar......... Sears amtentae s eae thaleatect 12mo, 
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